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Abstract. We study the ground state entanglement entropy of the quantum
Dyson hierarchical spin chain in which the interaction decays algebraically with
the distance as r−1−σ . We exploit the real-space renormalisation group solution
which gives the ground-state wave function in the form of a tree tensor network
and provides a manageable recursive expression for the reduced density matrix
of the renormalised ground state. Surprisingly, we find that at criticality the
entanglement entropy obeys an area law, as opposite to the logarithmic scaling
of short-range critical systems and of other non-hierarchical long-range models.
We provide also some analytical results in the limit of large and small σ that are
tested against the numerical solution of the recursive equations.
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1 Introduction
Long-range interacting systems, because of their unconventional static and dynamical
properties, have been extensively studied in classical statistical mechanics since many
decades [1]. In the quantum domain, atomic, molecular and optical systems (AMO),
as well as synthetic ones, are often described by long-range interactions. Yet, they
have been a focus of great attention only relatively recently, as a consequence of their
experimental implementation in different physical setups of many-body AMO systems,
such as Rydberg atoms [2,3], dipolar molecules [4,5] or trapped ions [6–9]. In particular
trapped ions, which interact via ferromagnetic Ising long-range interactions [10, 11],
represent one of the most promising platforms for quantum computation. These
experimental advances motivated an increasing interest towards the understanding
of quantum systems with long-range interactions both in thermodynamic equilibrium
[12–32] and in several non-equilibrium situations [33–55]. Anyhow, there are still
only few results concerning the equilibrium properties of quantum spin chains with
ferromagnetic power-law decaying interactions, see e.g. Refs. [13–15] for some mean-
field and perturbative solutions and Refs. [49,56–58] for some numerical simulations.
Even for the long-range ferromagnetic Ising model, the precise knowledge of the
phase-diagram and universal features at the quantum phase transition are still lacking.
At the same time, it is by now well established that a large amount of information
about many-body systems can be inferred by their entanglement properties [59–61]. The
most useful quantity is surely the celebrated entanglement entropy, defined as follows.
Let us consider a quantum system in a pure state with density matrix ρˆ = |ψ〉〈ψ| and a
bipartition of the Hilbert space H = HA ⊗HB , the entanglement between subsystems
A and B may be measured by the Von Neumann entropy of the reduced density matrix
ρˆA = TrB ρˆ, i.e.
SA = −Tr [ρˆA ln ρˆA] . (1)
The entanglement entropy turned out to be a very useful quantity, especially when A
is a block of ` contiguous lattice sites in a one dimensional chain. In fact, the scaling
entanglement entropy is tightly connected to the presence of quantum phase transitions
for short-range systems. Indeed, while for gapped systems with short-range interaction,
S` obeys an area law [62–64] (i.e. it scales with surface of the boundary between the
two partitions), it grows like ln ` at critical point, with a proportionality constant given
by the central charge of the underlying conformal field theory [65–68].
However, for long-range quantum interactions conformal invariance is broken as a
consequence of the lack of Lorentz symmetry (rotational one in Euclidean spacetime) as
explicitly manifested by a dynamical critical exponent z 6= 1 [69]. Hence unusual ground
state entanglement properties are expected [17–24], as e.g. shown numerically for
antiferromagnetic long-range one-dimensional systems, which violate area-law scaling
also in the gapped phase [17, 26–28]. On the other hand, the ferromagnetic mean-field
Ising model has a critical entanglement entropy that scales with the logarithmic of
the number of spins in A [70, 71]. Beyond mean field, the scaling of entanglement
entropy for ferromagnetic long-range interaction is still an open issue, also in one
spatial dimension.
In this work, we address such a problem, by considering the quantum version of
the ferromagnetic Dyson hierarchical model [72,73]. Its classical version was introduced
by Dyson in 1969 [74, 75] and it provided, via an exact renormalisation group (RG)
approach, analytical insights about the critical behaviour of long-range interacting
one-dimensional spin chains. Also the quantum version has been recently solved by
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Monthus [72] using real-space renormalisation and the critical properties of the ground
state have been obtained by a recursive projection onto the low lying energy states.
Within this frame, we study the entanglement entropy of the renormalised ground
state of the Dyson hierarchical model at criticality. The result depends on the choice of
the subsystem because the model is not translationally invariant. Hence, we consider
three types of partitions and, for each of them, we determine recursively the reduced
density matrix. We finally analyse the scaling of the entanglement entropy at the
critical point and in some limits we derive analytical expansions. Our main and
surprising result is that, although the correlation functions decay algebraically, the
entanglement entropy obeys an area law. This is due to the hierarchical structure of
the renormalised ground state that makes the rank of the reduced density matrix finite
(the ground state is a tree tensor network [76–79] with finite bond dimension). In spite
of this saturation at the critical point, the renormalised ground-state reduced density
matrix reproduces the power-law decay of the two-point correlation function with the
exact critical exponent.
The paper is organised as follows. In Sec. 2, we describe the model and the main
steps of the real-space RG procedure. Sec. 3 contains all our results, including a
description of the three considered partitions and a first discussion of our findings.
This section is divided as: in Subsecs. 3.1-3.3 we derive recursively the reduced density
matrix and the entanglement entropy for the three considered partitions; we then show
by an elementary approach that the rank of the reduced density matrix is finite (Subsec.
3.4) and that the correct power-law decay of the correlation functions follows from
them (Subsec. 3.5). In the closing section we draw our conclusions and discuss some
open questions. In the appendix we report some technical details of the calculations.
2 The model
The Dyson hierarchical model was introduced by Dyson in 1969 [74, 75] with the
aim of studying phase transitions in one dimensional ferromagnetic Ising models with
algebraically decaying interactions with exponent 1 + σ. A hierarchical Hamiltonian
is defined with a tree structure on a spin chain of length L = 2n, where blocks of
spins are subject to an interaction that decays as a power-law of their distance. In
the classical case, the hierarchical model reproduces well the critical properties of
the long-range Ising Hamiltonian [80]. In fact, for σ < 1/2 the critical exponents of
the former coincide with the mean-field of the latter. Furthermore, for σ ≥ 1/2, the
exponents of the two models coincide at first order in the  = σ − 1/2 expansion [81].
The quantum version of this model has been introduced and studied with real-
space RG by Monthus in [72,73]. Let us describe the Hamiltonian which is pictorially
represented in Fig. 1. At step k = 0 each pair of spins at sites 2j − 1 and 2j interacts
with a coupling J0 = J as Jσˆx2j−1iσˆx2j , where hereafter σˆαi denotes the Pauli matrices.
The absence of interactions between the sites 2j and 2j + 1 is the main difference from
standard Ising models. At the following step k = 1, two blocks of two spins interact
(always along x) with coupling J1 = J/21+σ, then at k = 2 blocks of four spins interact
with J2 = J/22(1+σ) and so on. Hence, the total hamiltonian is
Hˆ = −
n−1∑
k=0
Jk µ
2
L/2k+1∑
i=1
( 2k∑
j=0
σˆx2k(2i−1)−j
)( 2k∑
j=0
σˆx2k+1i−j
)
− h
L∑
i=1
σˆzi , (2)
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Figure 1: Tree structure of the Dyson hierarchical model. The Hamiltonian is a sum over
different two-body interactions Jk between block variables at level k (full horizontal lines).
The level k = 0 corresponds to the physical spins (top circles). At each layer, the block
variables, represented by coloured boxes, interact with the coupling Jk = J/2k(1+σ). The
dashed lines show which spins at level k form the blocks at level k + 1. The real-space RG
procedure consists in replacing each box with an effective spin. At the last step, there is a
single spin left and the Hamiltonian is an effective transverse magnetic field hn.
where Jk = J2−k(1+σ) and we introduced the transverse field h > 0 and the magnetic
moment µ (the latter will be set to 1, and it has been introduced for convenience
in the renormalisation procedure). The real-space RG of Ref. [72] is constructed by
projecting (at each step k) the Hamiltonian Hˆ(k) onto the two lower energy states.
Hence at each RG step, we have half of the spins. The renormalised transverse field hk
and magnetic moment µk are obtained within this procedure.
2.1 Real-space RG for the Dyson hierarchical model
We report here the main ideas and the conceptual steps of the real-space RG approach.
For all the details we refer to [72]. We rewrite the Hamiltonian (2) as a sum over the
generations k = 0, 1, .., n− 1
Hˆ =
n−1∑
k=0
Hˆ(k) , (3)
where Hˆ(k) for k > 1 is read off Eq. (2), and in particular k = 0 is
Hˆ(k=0) = −h
L∑
i=1
σˆzi −
L/2∑
i=1
J0[µ σˆ
x
2i−1][µ σˆ
x
2i] =
L/2∑
i
Hˆ
(0)
2i . (4)
The Hamiltonians Hˆ(0)2i are unrelated and each pair of spins may be diagonalised
independently. It is convenient to work in the basis of eigenstates of σˆzi , i.e.
σˆzi |±〉2i = ±|±〉2i. Then, the four eigenstates and eigenvalues of Hˆ(0)2i are
|λ+s/a〉2i = a1|+〉2i−1|+〉2i ± b1 |−〉2i−1|−〉2i , λ+s/a = ∓
√
(J0µ2)2 + 4h2 , (5a)
|λ−s/a〉2i =
1√
2
|−〉2i−1|+〉2i ± 1√
2
|+〉2i−1|−〉2i , λ−s/a = ∓J0 µ2 , (5b)
where “s/a” stands for the symmetric and anti-symmetric combination respectively and
the coefficients are a1 =
√
1/2 + h/
√
(J0µ)2 + 4h2, b1 =
√
1− a21. In the RG approach,
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we keep only the two lowest energy states |λ±s 〉2i. Thus the RG transformation is the
projection onto the symmetric subspace. The renormalised spins at level k = 1 are
then identified by the basis
|±〉[1]2i ≡ |λ±s 〉2i . (6)
They are related to the physical spins by Eq. (5) and are pictorially represented in Fig.
1 by the green boxes. Hereafter, the superscript [k] always refers to a renormalised
spin at level k.
Eq. (6) allows us to define the projection operator
Pˆ1 ≡
∏
i
Pˆ1, 2i =
∏
i
|+〉〈+|[1]2i + |−〉〈−|[1]2i , (7)
which implements the RG transformation and selects the two lowest energy states of
Hˆ(0). When applied to Hˆ(0) + Hˆ(1) in Eqs. (3-4), the projection gives the renormalised
Hamiltonians
Hˆ
(0)
R + Hˆ
(1)
R = −
L
2
e1 Pˆ1 − h1
∑
i
σˆ
z [1]
2i −
L/4∑
i=1
J (1)[µ1 σˆ
x [1]
4i−2][µ1 σˆ
x [1]
4i ] , (8)
where h1, µ1 are the renormalised magnetic field and moment while e1 is the contribution
of the previous generation to the ground state energy. It is then clear that the RG
flow should be written in terms of the control parameter
Kk ≡ Jk µ
2
k
hk
, with K0 =
J0 µ
2
h
=
J
h
. (9)
Hence, at level k = 1 the renormalised parameter are
h1 =
λ−s − λ+s
2
= − 2h
K0 +
√
K20 + 4
, (10a)
e1 =
λ−s + λ
+
s
2
= −h K0 +
√
K20 + 4
2
, (10b)
µ1 = µ
√
2
√
1 +
K0√
K20 + 4
. (10c)
In Eq. (8) the operators σz/x [1]2i are Pauli matrices acting on the renormalised spins
at level k = 1 as σz [1]2i |±〉[1]2i = ±|±〉[1]2i and σx [1]2i |±〉[1]2i = |∓〉[1]2i . The renormalised
Hamiltonian (8), besides the projector Pˆ1, has exactly the same structure of Hˆ(0)
in Eq. (4), being a sum of independent two-spin Hamiltonians. Eqs. (10) are the
renormalisation rules for the magnetic field, coupling, and energy.
The diagonalisation and projection transformations (5-8) are then applied again
n− 1 times on all the terms of the Hamiltonian (3). The k-th renormalised spin is the
block of 2k spins at level k. Its basis |±〉[k]i is defined recursively as
|+〉[k]i = ak−1|+ + 〉[k−1]i + bk−1 | − − 〉[k−1]i , (11a)
|−〉[k]i =
1√
2
| − + 〉[k−1]i +
1√
2
|+ −〉[k−1]i . (11b)
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Here |a b 〉[k−1]i stands for the tensor product of two adjacent (k − 1)-th renormalised
spins as |a b 〉[k−1]i = |a〉[k−1]2i−1 ⊗ |b〉[k−1]2i . The parameters ak, bk are obtained from the
diagonalisation and read
ak =
1√
2
(
1 +
2√
K2k + 4
)1/2
, bk =
1√
2
(
1− 2√
K2k + 4
)1/2
, (12)
while the contribution of each projection to the ground state energy is
ek = −hkKk +
√
K2k + 4
2
. (13)
At every step, the renormalisation rules
hk+1 =
2hk
Kk +
√
K2k + 4
, µk+1 = µk
√
2
√
1 +
Kk√
K2k + 4
, (14)
give explicitly the recursion relation for the control parameter (9) as
Kk =
Kk−1
21+σ
(
Kk−1 +
√
K2k−1 + 4
)2
√
K2k−1 + 4
≡ R[Kk−1] . (15)
2.2 The RG ground state
After renormalisation, the hierarchical Hamiltonian (3) becomes
HˆR = −
n∑
k=1
L
2k
ek Pˆk − hn σˆz [n], (16)
where ek is the energy contribution (13) of each renormalisation step, Pˆk is the
projection operator onto the lowest energy eigenstates at level k − 1 (i.e. the
generalisation of Eq. (7)), hn is the renormalised transverse field (14) and σˆz [n]
is the Pauli matrix at level n. Hereafter, we will not use the subscript for the Pauli
matrices and eigenvectors at level n because there is a single spin at that level. Since
hn > 0, the ground state is simply
|ψGS〉 = |+〉[n], (17)
and it can be written in the basis of the spins at the previous level using Eq. (11) as
|ψGS〉 = |+〉[n] = an−1|+ + 〉[n−1]1 + bn−1 | − − 〉[n−1]1 , (18)
and the recursively up to writing it in the physical spins at level 0.
Note that not only the Hamiltonian has a binary tree form, but also the RG
ground state has the structure of a tree tensor network where the isometries have all
rank equal to two, see [76–79]. In fact, the transformations of Eq. (11) automatically
define the isometric tensors in the sense of Ref. [76].
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2.3 The critical point
The critical point and all the universal exponents are determined from the study of
the flow induced by the RG equation (15). The critical point Kc = R[Kc] depends on
σ. For σ  1, Kc → 0 (aka hc diverges) and all the spins align along the z direction.
Conversely, for σ  1, Kc →∞ (aka hc → 0). Hence, as in the usual quantum Ising
model [82], the critical point separates a ferromagnetic phase, for h < hc or K > Kc,
from a paramagnetic one, for h > hc or K < Kc. At the critical point, the ground-state
wave function simplifies considerably. Since Kk = Kc for all k, the coefficients of Eq.
(12) do not depend on k, i.e. ak = a , bk = b for all k and the recurrence relation (18)
further simplifies, as we will exploit to calculate the entanglement entropy.
By linearising the flow equation (15) close to the fixed point, the critical exponents
for the correlation length (νσ), correlation function (xσ), and the dynamical one (zσ)
have been determined [72]. We will be interested in the longitudinal correlation function
between two spins at distance r, that at the critical point, behaves as
〈σˆxi σˆxi+r〉 ∼
1
r2xσ
, (19)
where the exponent xσ is [72]
xσ =
1− σ
4
+
ln(K2c + 4)
8 ln 2
. (20)
We mention that in the limit σ  1, all the critical exponents in [72] reproduce the
mean-field results of [13, 14]. For larger σ, they are in good qualitative agreement
with the values obtained numerically in a dissipative short-range model in the same
universality class of the long-range Ising one [56–58].
3 The block entanglement entropy of the hierarchical model
In this section we present the main results of this paper about the entanglement entropy
of the RG ground state of the Dyson hierarchical model at the critical point. We
mention that a very large literature exists about the characterisation of the entanglement
in many-body systems by real space RG, but its main focus is disordered systems
and strong disorder RG [83–94], see [95] as a recent review. Although the employed
techniques are different, there are many qualitative similarities that also helped our
understanding of the hierarchical model.
We consider bipartitions of the chain into a block of spins A of length ` and the
remainder B. The first step will be to reconstruct the reduced density matrix ρˆA
of the ground state (17) as achieved by means of the recursive projection technique
in the previous section. We then calculate the eigenvalues of ρˆA and consequently
the entanglement entropy (1). Since local transformations within the subsystems
do not alter the entanglement between A and B, we will write ρˆA without tracing
back all those renormalised spins that are not split by the bipartition: in tree tensor
network language [76,79], this means that all the isometries contained within A do not
contribute to the entanglement and cancel in the construction of the reduced density
matrix. The size of the reduced density matrix is then determined by the number of
the renormalised spins (11) that are split by the bipartition. As a simple example, let
A be the block composed of the first ` = L/2 sites. This partition spits only the n-th
effective spin at level n, as in the top panel of Fig. 2 for k = 1. Hence, the reduced
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<latexit sha1_base6 4="yWxnkgzfa5nhYT/EZwXlOdbdXnw=">AAAB/ XicbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJ RBIg8psaLzZRNOOZ+tuzUisiK+ghYqOkTLt1Dw L5yNC0iYajSzq52dIJbCoOt+OkvLK6tr66WN8 ubW9s5uZW+/baJEc2jxSEa6GzADUihooUAJ3Vg DCwMJnWBylfmde9BGROoWpzH4IRsrMRKcoZV6 fYQHTGtCnMwGlapbd3PQReIVpEoKNAeVr/4w4k kICrlkxvQ8N0Y/ZRoFlzAr9xMDMeMTNoaepYq FYPw0jzyjx4lhGNEYNBWS5iL83khZaMw0DOxky PDOzHuZ+J/XS3B04adCxQmC4tkhFBLyQ4ZrYb sAOhQaEFmWHKhQlDPNEEELyji3YmLLKds+vPnv F0n7tO5ZfnNWbVwWzZTIITkiNeKRc9Ig16RJW oSTiDyRZ/LiPDqvzpvz/jO65BQ7B+QPnI9v7TG VqQ==</latexit><latexit sha1_base6 4="yWxnkgzfa5nhYT/EZwXlOdbdXnw=">AAAB/ XicbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJ RBIg8psaLzZRNOOZ+tuzUisiK+ghYqOkTLt1Dw L5yNC0iYajSzq52dIJbCoOt+OkvLK6tr66WN8 ubW9s5uZW+/baJEc2jxSEa6GzADUihooUAJ3Vg DCwMJnWBylfmde9BGROoWpzH4IRsrMRKcoZV6 fYQHTGtCnMwGlapbd3PQReIVpEoKNAeVr/4w4k kICrlkxvQ8N0Y/ZRoFlzAr9xMDMeMTNoaepYq FYPw0jzyjx4lhGNEYNBWS5iL83khZaMw0DOxky PDOzHuZ+J/XS3B04adCxQmC4tkhFBLyQ4ZrYb sAOhQaEFmWHKhQlDPNEEELyji3YmLLKds+vPnv F0n7tO5ZfnNWbVwWzZTIITkiNeKRc9Ig16RJW oSTiDyRZ/LiPDqvzpvz/jO65BQ7B+QPnI9v7TG VqQ==</latexit><latexit sha1_base6 4="yWxnkgzfa5nhYT/EZwXlOdbdXnw=">AAAB/ XicbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJ RBIg8psaLzZRNOOZ+tuzUisiK+ghYqOkTLt1Dw L5yNC0iYajSzq52dIJbCoOt+OkvLK6tr66WN8 ubW9s5uZW+/baJEc2jxSEa6GzADUihooUAJ3Vg DCwMJnWBylfmde9BGROoWpzH4IRsrMRKcoZV6 fYQHTGtCnMwGlapbd3PQReIVpEoKNAeVr/4w4k kICrlkxvQ8N0Y/ZRoFlzAr9xMDMeMTNoaepYq FYPw0jzyjx4lhGNEYNBWS5iL83khZaMw0DOxky PDOzHuZ+J/XS3B04adCxQmC4tkhFBLyQ4ZrYb sAOhQaEFmWHKhQlDPNEEELyji3YmLLKds+vPnv F0n7tO5ZfnNWbVwWzZTIITkiNeKRc9Ig16RJW oSTiDyRZ/LiPDqvzpvz/jO65BQ7B+QPnI9v7TG VqQ==</latexit><latexit sha1_base6 4="yWxnkgzfa5nhYT/EZwXlOdbdXnw=">AAAB/ XicbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJ RBIg8psaLzZRNOOZ+tuzUisiK+ghYqOkTLt1Dw L5yNC0iYajSzq52dIJbCoOt+OkvLK6tr66WN8 ubW9s5uZW+/baJEc2jxSEa6GzADUihooUAJ3Vg DCwMJnWBylfmde9BGROoWpzH4IRsrMRKcoZV6 fYQHTGtCnMwGlapbd3PQReIVpEoKNAeVr/4w4k kICrlkxvQ8N0Y/ZRoFlzAr9xMDMeMTNoaepYq FYPw0jzyjx4lhGNEYNBWS5iL83khZaMw0DOxky PDOzHuZ+J/XS3B04adCxQmC4tkhFBLyQ4ZrYb sAOhQaEFmWHKhQlDPNEEELyji3YmLLKds+vPnv F0n7tO5ZfnNWbVwWzZTIITkiNeKRc9Ig16RJW oSTiDyRZ/LiPDqvzpvz/jO65BQ7B+QPnI9v7TG VqQ==</latexit>
L
2<latexit sha1_base64="JGUX0xPj15nNfUiWKmSDhyuPIHI=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgp3RxsICE/ERIGTuMuCGvY/szjUxhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DAbHY//yFo1VcXROdwm2Q+hHqqckkJOueatnQPLTcidfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLAp6p38e6sbyzTEiKQGa5slkVB7CIaU1DjKtVKLCcgB9LHpaAQh2vZwEnjEd1ILFPMEDVeaT0T8vjGE0Nq7MHCTIdCN/e2Nxb+8Zkq9WnuooiQljOT4ECmNk0NWGuWaQN5VBolgnBy5irgEA0RoFAcpnZi6anKuj6+n+f/kol wsOX5WKRweTZvJsi22zXZZiVXZITthddZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDBfZRr</latexit><latexit sha1_base64="JGUX0xPj15nNfUiWKmSDhyuPIHI=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgp3RxsICE/ERIGTuMuCGvY/szjUxhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DAbHY//yFo1VcXROdwm2Q+hHqqckkJOueatnQPLTcidfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLAp6p38e6sbyzTEiKQGa5slkVB7CIaU1DjKtVKLCcgB9LHpaAQh2vZwEnjEd1ILFPMEDVeaT0T8vjGE0Nq7MHCTIdCN/e2Nxb+8Zkq9WnuooiQljOT4ECmNk0NWGuWaQN5VBolgnBy5irgEA0RoFAcpnZi6anKuj6+n+f/kol wsOX5WKRweTZvJsi22zXZZiVXZITthddZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDBfZRr</latexit><latexit sha1_base64="JGUX0xPj15nNfUiWKmSDhyuPIHI=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgp3RxsICE/ERIGTuMuCGvY/szjUxhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DAbHY//yFo1VcXROdwm2Q+hHqqckkJOueatnQPLTcidfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLAp6p38e6sbyzTEiKQGa5slkVB7CIaU1DjKtVKLCcgB9LHpaAQh2vZwEnjEd1ILFPMEDVeaT0T8vjGE0Nq7MHCTIdCN/e2Nxb+8Zkq9WnuooiQljOT4ECmNk0NWGuWaQN5VBolgnBy5irgEA0RoFAcpnZi6anKuj6+n+f/kol wsOX5WKRweTZvJsi22zXZZiVXZITthddZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDBfZRr</latexit><latexit sha1_base64="JGUX0xPj15nNfUiWKmSDhyuPIHI=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgp3RxsICE/ERIGTuMuCGvY/szjUxhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DAbHY//yFo1VcXROdwm2Q+hHqqckkJOueatnQPLTcidfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLAp6p38e6sbyzTEiKQGa5slkVB7CIaU1DjKtVKLCcgB9LHpaAQh2vZwEnjEd1ILFPMEDVeaT0T8vjGE0Nq7MHCTIdCN/e2Nxb+8Zkq9WnuooiQljOT4ECmNk0NWGuWaQN5VBolgnBy5irgEA0RoFAcpnZi6anKuj6+n+f/kol wsOX5WKRweTZvJsi22zXZZiVXZITthddZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDBfZRr</latexit>
L
4<latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODlyFXEJBojQKA5SOjF11eRcH19P8//JRb lYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit><latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODlyFXEJBojQKA5SOjF11eRcH19P8//JRb lYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit><latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODlyFXEJBojQKA5SOjF11eRcH19P8//JRb lYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit><latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdVC7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sC fHmZWZm5+YXsou5peWV1bX8+saFjVMjsSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODlyFXEJBojQKA5SOjF11eRcH19P8//JRb lYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit>
L
8
<latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdVDLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZE uLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RGYksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJPUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5irkEA0RoFAcpnZi5aoquj6+n+f+kvV 2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit><latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdVDLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZE uLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RGYksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJPUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5irkEA0RoFAcpnZi5aoquj6+n+f+kvV 2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit><latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdVDLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZE uLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RGYksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJPUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5irkEA0RoFAcpnZi5aoquj6+n+f+kvV 2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit><latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdVDLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZE uLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RGYksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJPUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5irkEA0RoFAcpnZi5aoquj6+n+f+kvV 2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit>
[n  k] e↵ective spin
<latexit sha1_base64="sF4pHwKSJub04aALQ1Jaj6K963c=">AAACEXicdVDLSgNBEJz1bXxFPYowGAQPGiYxJvEmevGoYGIgWcLs2NEhs7PLT G9Qlpz8BL/Cq568iVe/wIP/4iRGUNE6FVXddFcFsZIWGXvzxsYnJqemZ2Yzc/MLi0vZ5ZW6jRIjoCYiFZlGwC0oqaGGEhU0YgM8DBScB92jgX/eA2NlpM/wJgY/5JdadqTg6KR2dr2pd7o+bW23EK4xhU4HBMoeUBtL3W9ncyxf3mP7VUZZvlJmlWrJkd1ytVys0EKeDZEjI5y0s++ti0gkIWgUilvbL LAY/ZQblEJBP9NKLMRcdPklNB3VPATrp8MYfbqZWI4RjcFQqehQhO8bKQ+tvQkDNxlyvLK/vYH4l9dMsFP1U6njBEGLwSGUCoaHrDAurQF6IQ0g8sHnQKWmghuOCEZSLoQTE1dYxvXxFZr+T+rFfMHx01Lu4HDUzAxZIxtkixRIhRyQY3JCakSQW3JPHsijd+c9ec/ey+fomDfaWSU/4L1+AKTUnbg=< /latexit><latexit sha1_base64="sF4pHwKSJub04aALQ1Jaj6K963c=">AAACEXicdVDLSgNBEJz1bXxFPYowGAQPGiYxJvEmevGoYGIgWcLs2NEhs7PLT G9Qlpz8BL/Cq568iVe/wIP/4iRGUNE6FVXddFcFsZIWGXvzxsYnJqemZ2Yzc/MLi0vZ5ZW6jRIjoCYiFZlGwC0oqaGGEhU0YgM8DBScB92jgX/eA2NlpM/wJgY/5JdadqTg6KR2dr2pd7o+bW23EK4xhU4HBMoeUBtL3W9ncyxf3mP7VUZZvlJmlWrJkd1ytVys0EKeDZEjI5y0s++ti0gkIWgUilvbL LAY/ZQblEJBP9NKLMRcdPklNB3VPATrp8MYfbqZWI4RjcFQqehQhO8bKQ+tvQkDNxlyvLK/vYH4l9dMsFP1U6njBEGLwSGUCoaHrDAurQF6IQ0g8sHnQKWmghuOCEZSLoQTE1dYxvXxFZr+T+rFfMHx01Lu4HDUzAxZIxtkixRIhRyQY3JCakSQW3JPHsijd+c9ec/ey+fomDfaWSU/4L1+AKTUnbg=< /latexit><latexit sha1_base64="sF4pHwKSJub04aALQ1Jaj6K963c=">AAACEXicdVDLSgNBEJz1bXxFPYowGAQPGiYxJvEmevGoYGIgWcLs2NEhs7PLT G9Qlpz8BL/Cq568iVe/wIP/4iRGUNE6FVXddFcFsZIWGXvzxsYnJqemZ2Yzc/MLi0vZ5ZW6jRIjoCYiFZlGwC0oqaGGEhU0YgM8DBScB92jgX/eA2NlpM/wJgY/5JdadqTg6KR2dr2pd7o+bW23EK4xhU4HBMoeUBtL3W9ncyxf3mP7VUZZvlJmlWrJkd1ytVys0EKeDZEjI5y0s++ti0gkIWgUilvbL LAY/ZQblEJBP9NKLMRcdPklNB3VPATrp8MYfbqZWI4RjcFQqehQhO8bKQ+tvQkDNxlyvLK/vYH4l9dMsFP1U6njBEGLwSGUCoaHrDAurQF6IQ0g8sHnQKWmghuOCEZSLoQTE1dYxvXxFZr+T+rFfMHx01Lu4HDUzAxZIxtkixRIhRyQY3JCakSQW3JPHsijd+c9ec/ey+fomDfaWSU/4L1+AKTUnbg=< /latexit><latexit sha1_base64="sF4pHwKSJub04aALQ1Jaj6K963c=">AAACEXicdVDLSgNBEJz1bXxFPYowGAQPGiYxJvEmevGoYGIgWcLs2NEhs7PLT G9Qlpz8BL/Cq568iVe/wIP/4iRGUNE6FVXddFcFsZIWGXvzxsYnJqemZ2Yzc/MLi0vZ5ZW6jRIjoCYiFZlGwC0oqaGGEhU0YgM8DBScB92jgX/eA2NlpM/wJgY/5JdadqTg6KR2dr2pd7o+bW23EK4xhU4HBMoeUBtL3W9ncyxf3mP7VUZZvlJmlWrJkd1ytVys0EKeDZEjI5y0s++ti0gkIWgUilvbL LAY/ZQblEJBP9NKLMRcdPklNB3VPATrp8MYfbqZWI4RjcFQqehQhO8bKQ+tvQkDNxlyvLK/vYH4l9dMsFP1U6njBEGLwSGUCoaHrDAurQF6IQ0g8sHnQKWmghuOCEZSLoQTE1dYxvXxFZr+T+rFfMHx01Lu4HDUzAxZIxtkixRIhRyQY3JCakSQW3JPHsijd+c9ec/ey+fomDfaWSU/4L1+AKTUnbg=< /latexit>
`k =
L
2k<latexit sha1_base64="kigyK7KYGgXrGQYKlUmiVRVUI0Q=">AAA CCXicbVC7SgNBFJ2NrxhfUbGyGQyCVdgVQRshaGNhEcE8IInh7uQmDpl9MHNXCEu+wK+w1cpObP0KC//F3XULTTzV4Zx7ueceN1TSkG1/WoW FxaXlleJqaW19Y3OrvL3TNEGkBTZEoALddsGgkj42SJLCdqgRPFdhyx1fpn7rAbWRgX9LkxB7Hox8OZQCKJH65b0uKtUf83PeHWoQ/Do+vhtP ++WKXbUz8Hni5KTCctT75a/uIBCRhz4JBcZ0HDukXgyapFA4LXUjgyGIMYywk1AfPDS9OIs/5YeRAQp4iJpLxTMRf2/E4Bkz8dxk0gO6N7NeK v7ndSIanvVi6YcRoS/SQyQVZoeM0DLpBflAaiSCNDly6XMBGohQSw5CJGKUFFVK+nBmv58nzeOqk/Cbk0rtIm+myPbZATtiDjtlNXbF6qzBB IvZE3tmL9aj9Wq9We8/owUr39llf2B9fAOwj5k5</latexit><latexit sha1_base64="kigyK7KYGgXrGQYKlUmiVRVUI0Q=">AAA CCXicbVC7SgNBFJ2NrxhfUbGyGQyCVdgVQRshaGNhEcE8IInh7uQmDpl9MHNXCEu+wK+w1cpObP0KC//F3XULTTzV4Zx7ueceN1TSkG1/WoW FxaXlleJqaW19Y3OrvL3TNEGkBTZEoALddsGgkj42SJLCdqgRPFdhyx1fpn7rAbWRgX9LkxB7Hox8OZQCKJH65b0uKtUf83PeHWoQ/Do+vhtP ++WKXbUz8Hni5KTCctT75a/uIBCRhz4JBcZ0HDukXgyapFA4LXUjgyGIMYywk1AfPDS9OIs/5YeRAQp4iJpLxTMRf2/E4Bkz8dxk0gO6N7NeK v7ndSIanvVi6YcRoS/SQyQVZoeM0DLpBflAaiSCNDly6XMBGohQSw5CJGKUFFVK+nBmv58nzeOqk/Cbk0rtIm+myPbZATtiDjtlNXbF6qzBB IvZE3tmL9aj9Wq9We8/owUr39llf2B9fAOwj5k5</latexit><latexit sha1_base64="kigyK7KYGgXrGQYKlUmiVRVUI0Q=">AAA CCXicbVC7SgNBFJ2NrxhfUbGyGQyCVdgVQRshaGNhEcE8IInh7uQmDpl9MHNXCEu+wK+w1cpObP0KC//F3XULTTzV4Zx7ueceN1TSkG1/WoW FxaXlleJqaW19Y3OrvL3TNEGkBTZEoALddsGgkj42SJLCdqgRPFdhyx1fpn7rAbWRgX9LkxB7Hox8OZQCKJH65b0uKtUf83PeHWoQ/Do+vhtP ++WKXbUz8Hni5KTCctT75a/uIBCRhz4JBcZ0HDukXgyapFA4LXUjgyGIMYywk1AfPDS9OIs/5YeRAQp4iJpLxTMRf2/E4Bkz8dxk0gO6N7NeK v7ndSIanvVi6YcRoS/SQyQVZoeM0DLpBflAaiSCNDly6XMBGohQSw5CJGKUFFVK+nBmv58nzeOqk/Cbk0rtIm+myPbZATtiDjtlNXbF6qzBB IvZE3tmL9aj9Wq9We8/owUr39llf2B9fAOwj5k5</latexit><latexit sha1_base64="kigyK7KYGgXrGQYKlUmiVRVUI0Q=">AAA CCXicbVC7SgNBFJ2NrxhfUbGyGQyCVdgVQRshaGNhEcE8IInh7uQmDpl9MHNXCEu+wK+w1cpObP0KC//F3XULTTzV4Zx7ueceN1TSkG1/WoW FxaXlleJqaW19Y3OrvL3TNEGkBTZEoALddsGgkj42SJLCdqgRPFdhyx1fpn7rAbWRgX9LkxB7Hox8OZQCKJH65b0uKtUf83PeHWoQ/Do+vhtP ++WKXbUz8Hni5KTCctT75a/uIBCRhz4JBcZ0HDukXgyapFA4LXUjgyGIMYywk1AfPDS9OIs/5YeRAQp4iJpLxTMRf2/E4Bkz8dxk0gO6N7NeK v7ndSIanvVi6YcRoS/SQyQVZoeM0DLpBflAaiSCNDly6XMBGohQSw5CJGKUFFVK+nBmv58nzeOqk/Cbk0rtIm+myPbZATtiDjtlNXbF6qzBB IvZE3tmL9aj9Wq9We8/owUr39llf2B9fAOwj5k5</latexit>
`pm = (2
p   1)2m + 1
<latexit sha1_base64="sIto1ZslKw6SG8AuB6kAm t44flo=">AAACDnicbVDLSgNBEJyNrxhfUW96GQxCRAy7QdCLEPTiMYJ5QF7MTjpxyMzuMNMrhCXgJ/gVXvX kTbz6Cx78FzcxB02sU1HVTXeVr6Ww6LqfTmphcWl5Jb2aWVvf2NzKbu9UbRgZDhUeytDUfWZBigAqKFBCXRtg ypdQ8wdXY792D8aKMLjFoYaWYv1A9ARnmEid7F4TpOzEWo3oBc0X27EenXhHxbY69jrZnFtwJ6DzxJuSHJmi3 Ml+NbshjxQEyCWztuG5GlsxMyi4hFGmGVnQjA9YHxoJDZgC24onGUb0MLIMQ6rBUCHpRITfGzFT1g6Vn0wqh nd21huL/3mNCHvnrVgEOkII+PgQCgmTQ5YbkZQDtCsMILLx50BFQDkzDBGMoIzzRIyStjJJH95s+nlSLRa8hN +c5kqX02bSZJ8ckDzxyBkpkWtSJhXCyQN5Is/kxXl0Xp035/1nNOVMd3bJHzgf30F8mn4=</latexit><latexit sha1_base64="sIto1ZslKw6SG8AuB6kAm t44flo=">AAACDnicbVDLSgNBEJyNrxhfUW96GQxCRAy7QdCLEPTiMYJ5QF7MTjpxyMzuMNMrhCXgJ/gVXvX kTbz6Cx78FzcxB02sU1HVTXeVr6Ww6LqfTmphcWl5Jb2aWVvf2NzKbu9UbRgZDhUeytDUfWZBigAqKFBCXRtg ypdQ8wdXY792D8aKMLjFoYaWYv1A9ARnmEid7F4TpOzEWo3oBc0X27EenXhHxbY69jrZnFtwJ6DzxJuSHJmi3 Ml+NbshjxQEyCWztuG5GlsxMyi4hFGmGVnQjA9YHxoJDZgC24onGUb0MLIMQ6rBUCHpRITfGzFT1g6Vn0wqh nd21huL/3mNCHvnrVgEOkII+PgQCgmTQ5YbkZQDtCsMILLx50BFQDkzDBGMoIzzRIyStjJJH95s+nlSLRa8hN +c5kqX02bSZJ8ckDzxyBkpkWtSJhXCyQN5Is/kxXl0Xp035/1nNOVMd3bJHzgf30F8mn4=</latexit><latexit sha1_base64="sIto1ZslKw6SG8AuB6kAm t44flo=">AAACDnicbVDLSgNBEJyNrxhfUW96GQxCRAy7QdCLEPTiMYJ5QF7MTjpxyMzuMNMrhCXgJ/gVXvX kTbz6Cx78FzcxB02sU1HVTXeVr6Ww6LqfTmphcWl5Jb2aWVvf2NzKbu9UbRgZDhUeytDUfWZBigAqKFBCXRtg ypdQ8wdXY792D8aKMLjFoYaWYv1A9ARnmEid7F4TpOzEWo3oBc0X27EenXhHxbY69jrZnFtwJ6DzxJuSHJmi3 Ml+NbshjxQEyCWztuG5GlsxMyi4hFGmGVnQjA9YHxoJDZgC24onGUb0MLIMQ6rBUCHpRITfGzFT1g6Vn0wqh nd21huL/3mNCHvnrVgEOkII+PgQCgmTQ5YbkZQDtCsMILLx50BFQDkzDBGMoIzzRIyStjJJH95s+nlSLRa8hN +c5kqX02bSZJ8ckDzxyBkpkWtSJhXCyQN5Is/kxXl0Xp035/1nNOVMd3bJHzgf30F8mn4=</latexit><latexit sha1_base64="sIto1ZslKw6SG8AuB6kAm t44flo=">AAACDnicbVDLSgNBEJyNrxhfUW96GQxCRAy7QdCLEPTiMYJ5QF7MTjpxyMzuMNMrhCXgJ/gVXvX kTbz6Cx78FzcxB02sU1HVTXeVr6Ww6LqfTmphcWl5Jb2aWVvf2NzKbu9UbRgZDhUeytDUfWZBigAqKFBCXRtg ypdQ8wdXY792D8aKMLjFoYaWYv1A9ARnmEid7F4TpOzEWo3oBc0X27EenXhHxbY69jrZnFtwJ6DzxJuSHJmi3 Ml+NbshjxQEyCWztuG5GlsxMyi4hFGmGVnQjA9YHxoJDZgC24onGUb0MLIMQ6rBUCHpRITfGzFT1g6Vn0wqh nd21huL/3mNCHvnrVgEOkII+PgQCgmTQ5YbkZQDtCsMILLx50BFQDkzDBGMoIzzRIyStjJJH95s+nlSLRa8hN +c5kqX02bSZJ8ckDzxyBkpkWtSJhXCyQN5Is/kxXl0Xp035/1nNOVMd3bJHzgf30F8mn4=</latexit>
3
<latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+ZFCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7 wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefBfHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I199t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJm Vf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7LYuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZwghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8 nrVLRtbxRLtQul81kyRE5JqfEJRVSI9ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit><latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+ZFCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7 wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefBfHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I199t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJm Vf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7LYuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZwghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8 nrVLRtbxRLtQul81kyRE5JqfEJRVSI9ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit><latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+ZFCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7 wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefBfHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I199t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJm Vf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7LYuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZwghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8 nrVLRtbxRLtQul81kyRE5JqfEJRVSI9ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit><latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+ZFCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7 wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefBfHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I199t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJm Vf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7LYuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZwghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8 nrVLRtbxRLtQul81kyRE5JqfEJRVSI9ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit>
5
<latexit sha1_base64="7lURa2Afk4zJTxgbYohBWcw0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW 9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB//FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOX c8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUWY3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxglCKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9 plQpFyxvlfO1y2UyGHJMTckaKpEpq5JrUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit><latexit sha1_base64="7lURa2Afk4zJTxgbYohBWcw0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW 9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB//FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOX c8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUWY3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxglCKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9 plQpFyxvlfO1y2UyGHJMTckaKpEpq5JrUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit><latexit sha1_base64="7lURa2Afk4zJTxgbYohBWcw0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW 9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB//FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOX c8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUWY3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxglCKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9 plQpFyxvlfO1y2UyGHJMTckaKpEpq5JrUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit><latexit sha1_base64="7lURa2Afk4zJTxgbYohBWcw0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW 9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB//FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOX c8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUWY3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxglCKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9 plQpFyxvlfO1y2UyGHJMTckaKpEpq5JrUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit>
7
<latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr 0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvwXhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacV b1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZYjP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCcIoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+ kVS6WLG9UCrXLZTNZckSOySkpEZfUyDWpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit><latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr 0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvwXhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacV b1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZYjP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCcIoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+ kVS6WLG9UCrXLZTNZckSOySkpEZfUyDWpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit><latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr 0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvwXhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacV b1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZYjP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCcIoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+ kVS6WLG9UCrXLZTNZckSOySkpEZfUyDWpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit><latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr 0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvwXhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacV b1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZYjP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCcIoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+ kVS6WLG9UCrXLZTNZckSOySkpEZfUyDWpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit>
{ <latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit> { <latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit>
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<latexit sha1_base64="L 3pfIqnPdfuSFHovGqsnOLo4NE4=">AAAB/HicbVA9SwNBE N3zM8avqKXNYhCswp4IWgZtLCOYD0yOsLeZxCV7e8funB BC/BW2WtmJrf/Fwv/i3nmFJr5ieLw3w8y8MFHSImOf3tL yyuraemmjvLm1vbNb2dtv2Tg1ApoiVrHphNyCkhqaKFFBJ zHAo1BBOxxfZX77AYyVsb7FSQJBxEdaDqXg6KQ7xpjv+6 6yfqXKaiwHXSR+QaqkQKNf+eoNYpFGoFEobm3XZwkGU25 QCgWzci+1kHAx5iPoOqp5BDaY5hfP6HFqOcY0AUOlorkIv yemPLJ2EoWuM+J4b+e9TPzP66Y4vAimUicpghbZIpQK8k VWGOmiADqQBhB5djlQqanghiOCkZQL4cTUZVN2efjz3y+ S1mnNd/zmrFq/LJIpkUNyRE6IT85JnVyTBmkSQTR5Is/kx Xv0Xr037/2ndckrZg7IH3gf3xG6k0Y=</latexit><latexit sha1_base64="L 3pfIqnPdfuSFHovGqsnOLo4NE4=">AAAB/HicbVA9SwNBE N3zM8avqKXNYhCswp4IWgZtLCOYD0yOsLeZxCV7e8funB BC/BW2WtmJrf/Fwv/i3nmFJr5ieLw3w8y8MFHSImOf3tL yyuraemmjvLm1vbNb2dtv2Tg1ApoiVrHphNyCkhqaKFFBJ zHAo1BBOxxfZX77AYyVsb7FSQJBxEdaDqXg6KQ7xpjv+6 6yfqXKaiwHXSR+QaqkQKNf+eoNYpFGoFEobm3XZwkGU25 QCgWzci+1kHAx5iPoOqp5BDaY5hfP6HFqOcY0AUOlorkIv yemPLJ2EoWuM+J4b+e9TPzP66Y4vAimUicpghbZIpQK8k VWGOmiADqQBhB5djlQqanghiOCkZQL4cTUZVN2efjz3y+ S1mnNd/zmrFq/LJIpkUNyRE6IT85JnVyTBmkSQTR5Is/kx Xv0Xr037/2ndckrZg7IH3gf3xG6k0Y=</latexit><latexit sha1_base64="L 3pfIqnPdfuSFHovGqsnOLo4NE4=">AAAB/HicbVA9SwNBE N3zM8avqKXNYhCswp4IWgZtLCOYD0yOsLeZxCV7e8funB BC/BW2WtmJrf/Fwv/i3nmFJr5ieLw3w8y8MFHSImOf3tL yyuraemmjvLm1vbNb2dtv2Tg1ApoiVrHphNyCkhqaKFFBJ zHAo1BBOxxfZX77AYyVsb7FSQJBxEdaDqXg6KQ7xpjv+6 6yfqXKaiwHXSR+QaqkQKNf+eoNYpFGoFEobm3XZwkGU25 QCgWzci+1kHAx5iPoOqp5BDaY5hfP6HFqOcY0AUOlorkIv yemPLJ2EoWuM+J4b+e9TPzP66Y4vAimUicpghbZIpQK8k VWGOmiADqQBhB5djlQqanghiOCkZQL4cTUZVN2efjz3y+ S1mnNd/zmrFq/LJIpkUNyRE6IT85JnVyTBmkSQTR5Is/kx Xv0Xr037/2ndckrZg7IH3gf3xG6k0Y=</latexit><latexit sha1_base64="L 3pfIqnPdfuSFHovGqsnOLo4NE4=">AAAB/HicbVA9SwNBE N3zM8avqKXNYhCswp4IWgZtLCOYD0yOsLeZxCV7e8funB BC/BW2WtmJrf/Fwv/i3nmFJr5ieLw3w8y8MFHSImOf3tL yyuraemmjvLm1vbNb2dtv2Tg1ApoiVrHphNyCkhqaKFFBJ zHAo1BBOxxfZX77AYyVsb7FSQJBxEdaDqXg6KQ7xpjv+6 6yfqXKaiwHXSR+QaqkQKNf+eoNYpFGoFEobm3XZwkGU25 QCgWzci+1kHAx5iPoOqp5BDaY5hfP6HFqOcY0AUOlorkIv yemPLJ2EoWuM+J4b+e9TPzP66Y4vAimUicpghbZIpQK8k VWGOmiADqQBhB5djlQqanghiOCkZQL4cTUZVN2efjz3y+ S1mnNd/zmrFq/LJIpkUNyRE6IT85JnVyTBmkSQTR5Is/kx Xv0Xr037/2ndckrZg7IH3gf3xG6k0Y=</latexit> { <latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit><latexit sha1_base64="ONlrvEkYf9AlkWyuNCs1o5YvFwA=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjIg8pCSKFpfNuGU80N360iRlT+ghYoO0fI/FPwLZ+MCEqYazexqZ8ePlTTkup/Oyura+sZmaau8vbO7t185OGyZKNECmyJSke74YFDJEJskSWEn1giBr7DtT24yvz1FbWQUPtAsxn4A41COpACy0n0vHVSqbs3NwZeJV5AqK9AYVL56w0gkAYYkFBjT9dyY+ilokkLhvNxLDMYgJjDGrqUhBGj6aZ50zk8TAxTxGDWXiuci/t5IITBmFvh2MgB6NIteJv7ndRMaXfVTGcYJYSiyQyQV5oeM0NJWgHwoNRJBlhy5DLkADUSoJQchrJjYTsq2D2/x+2XSOq95lt9dVOvXRTMldsxO2Bnz2CWrs1vWYE0m2Ig9sWf24kydV+fNef8ZXXGKnSP2B87HNz/2keo=</latexit>
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<latexit sha1_base64="4SAJ3aeG59ru+8 /+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU 6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh 0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rh Ysss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKN YQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQE UYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdq rZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</lat exit><latexit sha1_base64="4SAJ3aeG59ru+8 /+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU 6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh 0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rh Ysss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKN YQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQE UYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdq rZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</lat exit><latexit sha1_base64="4SAJ3aeG59ru+8 /+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU 6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh 0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rh Ysss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKN YQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQE UYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdq rZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</lat exit><latexit sha1_base64="4SAJ3aeG59ru+8 /+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU 6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh 0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rh Ysss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKN YQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQE UYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdq rZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</lat exit>
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<latexit sha1_base64="4SAJ3aeG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJz FF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh 780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLST ITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2H qynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJz FF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh 780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLST ITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2H qynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJz FF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh 780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLST ITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2H qynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJz FF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZagGHtMgRQA9FChhEClgvieh 780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLST ITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2H qynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit>
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2<latexit sha1_base64="rH9IFQp8Ww53cWHXHfiIug3IefA=" >AAACAHicdVC7TkJBEN3rE/GFWtpsJCZWZEEELEyMNhYWmAiaAJK5y4Ab9j6yO9eEEBu/wlYrO2Prn1j4Ly6IiRo91ck5M5kzx4+1 siTEmzc1PTM7N59aSC8uLa+sZtbW6zZKjMSajHRkLn2wqFWINVKk8TI2CIGv8cLvH4/8ixs0VkXhOQ1ibAXQC1VXSSAnXTVR6wPe7 BqQ/LTQzmRFrrQn9iuCi1y5JMqVoiO7pUqpUOb5nBgjyyaotjPvzU4kkwBDkhqsbeRFTK0hGFJS4226mViMQfahhw1HQwjQtobj1L d8O7FAEY/RcKX5WMTvG0MIrB0EvpsMgK7tb28k/uU1EupWWkMVxglhKEeHSGkcH7LSKFcH8o4ySASj5MhVyCUYIEKjOEjpxMT1k3 Z9fD3N/yf1Qi7v+Fkxe3g0aSbFNtkW22F5VmaH7IRVWY1JZtg9e2CP3p335D17L5+jU95kZ4P9gPf6AWu7lnM=</latexit><latexit sha1_base64="rH9IFQp8Ww53cWHXHfiIug3IefA=" >AAACAHicdVC7TkJBEN3rE/GFWtpsJCZWZEEELEyMNhYWmAiaAJK5y4Ab9j6yO9eEEBu/wlYrO2Prn1j4Ly6IiRo91ck5M5kzx4+1 siTEmzc1PTM7N59aSC8uLa+sZtbW6zZKjMSajHRkLn2wqFWINVKk8TI2CIGv8cLvH4/8ixs0VkXhOQ1ibAXQC1VXSSAnXTVR6wPe7 BqQ/LTQzmRFrrQn9iuCi1y5JMqVoiO7pUqpUOb5nBgjyyaotjPvzU4kkwBDkhqsbeRFTK0hGFJS4226mViMQfahhw1HQwjQtobj1L d8O7FAEY/RcKX5WMTvG0MIrB0EvpsMgK7tb28k/uU1EupWWkMVxglhKEeHSGkcH7LSKFcH8o4ySASj5MhVyCUYIEKjOEjpxMT1k3 Z9fD3N/yf1Qi7v+Fkxe3g0aSbFNtkW22F5VmaH7IRVWY1JZtg9e2CP3p335D17L5+jU95kZ4P9gPf6AWu7lnM=</latexit><latexit sha1_base64="rH9IFQp8Ww53cWHXHfiIug3IefA=" >AAACAHicdVC7TkJBEN3rE/GFWtpsJCZWZEEELEyMNhYWmAiaAJK5y4Ab9j6yO9eEEBu/wlYrO2Prn1j4Ly6IiRo91ck5M5kzx4+1 siTEmzc1PTM7N59aSC8uLa+sZtbW6zZKjMSajHRkLn2wqFWINVKk8TI2CIGv8cLvH4/8ixs0VkXhOQ1ibAXQC1VXSSAnXTVR6wPe7 BqQ/LTQzmRFrrQn9iuCi1y5JMqVoiO7pUqpUOb5nBgjyyaotjPvzU4kkwBDkhqsbeRFTK0hGFJS4226mViMQfahhw1HQwjQtobj1L d8O7FAEY/RcKX5WMTvG0MIrB0EvpsMgK7tb28k/uU1EupWWkMVxglhKEeHSGkcH7LSKFcH8o4ySASj5MhVyCUYIEKjOEjpxMT1k3 Z9fD3N/yf1Qi7v+Fkxe3g0aSbFNtkW22F5VmaH7IRVWY1JZtg9e2CP3p335D17L5+jU95kZ4P9gPf6AWu7lnM=</latexit><latexit sha1_base64="rH9IFQp8Ww53cWHXHfiIug3IefA=" >AAACAHicdVC7TkJBEN3rE/GFWtpsJCZWZEEELEyMNhYWmAiaAJK5y4Ab9j6yO9eEEBu/wlYrO2Prn1j4Ly6IiRo91ck5M5kzx4+1 siTEmzc1PTM7N59aSC8uLa+sZtbW6zZKjMSajHRkLn2wqFWINVKk8TI2CIGv8cLvH4/8ixs0VkXhOQ1ibAXQC1VXSSAnXTVR6wPe7 BqQ/LTQzmRFrrQn9iuCi1y5JMqVoiO7pUqpUOb5nBgjyyaotjPvzU4kkwBDkhqsbeRFTK0hGFJS4226mViMQfahhw1HQwjQtobj1L d8O7FAEY/RcKX5WMTvG0MIrB0EvpsMgK7tb28k/uU1EupWWkMVxglhKEeHSGkcH7LSKFcH8o4ySASj5MhVyCUYIEKjOEjpxMT1k3 Z9fD3N/yf1Qi7v+Fkxe3g0aSbFNtkW22F5VmaH7IRVWY1JZtg9e2CP3p335D17L5+jU95kZ4P9gPf6AWu7lnM=</latexit>
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<latexit sha1_base64 ="+O6ngl0W0vhuLglNrVJB4grZzTA=">AAAB/n icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRB Ig8psaLzZRNWOT90t0ZEViS+ghYqOkTLr1DwL9 jGBSRMNZrZ1c6OFyk0ZNuf1tLyyuraemmjvLm1 vbNb2dtvmzDWEloyVKHuesKAwgBahKSgG2kQvq eg402uMr9zD9pgGNzSNALXF+MARygFpVK/T/BA SQ0RT2aDStWu2zn4InEKUmUFmoPKV38YytiHgK QSxvQcOyI3EZpQKpiV+7GBSMiJGEMvpYHwwbhJ nnnGj2MjKOQRaI6K5yL83kiEb8zU99JJX9Cdmf cy8T+vF9Powk0wiGKCQGaHCBXkh4zUmJYBfIga iESWHDgGXAotiEAjF1KmYpy2U077cOa/XyTt07 qT8puzauOyaKbEDtkRqzGHnbMGu2ZN1mKSReyJ PbMX69F6td6s95/RJavYOWB/YH18A7pSlhw=</ latexit><latexit sha1_base64 ="+O6ngl0W0vhuLglNrVJB4grZzTA=">AAAB/n icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRB Ig8psaLzZRNWOT90t0ZEViS+ghYqOkTLr1DwL9 jGBSRMNZrZ1c6OFyk0ZNuf1tLyyuraemmjvLm1 vbNb2dtvmzDWEloyVKHuesKAwgBahKSgG2kQvq eg402uMr9zD9pgGNzSNALXF+MARygFpVK/T/BA SQ0RT2aDStWu2zn4InEKUmUFmoPKV38YytiHgK QSxvQcOyI3EZpQKpiV+7GBSMiJGEMvpYHwwbhJ nnnGj2MjKOQRaI6K5yL83kiEb8zU99JJX9Cdmf cy8T+vF9Powk0wiGKCQGaHCBXkh4zUmJYBfIga iESWHDgGXAotiEAjF1KmYpy2U077cOa/XyTt07 qT8puzauOyaKbEDtkRqzGHnbMGu2ZN1mKSReyJ PbMX69F6td6s95/RJavYOWB/YH18A7pSlhw=</ latexit><latexit sha1_base64 ="+O6ngl0W0vhuLglNrVJB4grZzTA=">AAAB/n icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRB Ig8psaLzZRNWOT90t0ZEViS+ghYqOkTLr1DwL9 jGBSRMNZrZ1c6OFyk0ZNuf1tLyyuraemmjvLm1 vbNb2dtvmzDWEloyVKHuesKAwgBahKSgG2kQvq eg402uMr9zD9pgGNzSNALXF+MARygFpVK/T/BA SQ0RT2aDStWu2zn4InEKUmUFmoPKV38YytiHgK QSxvQcOyI3EZpQKpiV+7GBSMiJGEMvpYHwwbhJ nnnGj2MjKOQRaI6K5yL83kiEb8zU99JJX9Cdmf cy8T+vF9Powk0wiGKCQGaHCBXkh4zUmJYBfIga iESWHDgGXAotiEAjF1KmYpy2U077cOa/XyTt07 qT8puzauOyaKbEDtkRqzGHnbMGu2ZN1mKSReyJ PbMX69F6td6s95/RJavYOWB/YH18A7pSlhw=</ latexit><latexit sha1_base64 ="+O6ngl0W0vhuLglNrVJB4grZzTA=">AAAB/n icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRB Ig8psaLzZRNWOT90t0ZEViS+ghYqOkTLr1DwL9 jGBSRMNZrZ1c6OFyk0ZNuf1tLyyuraemmjvLm1 vbNb2dtvmzDWEloyVKHuesKAwgBahKSgG2kQvq eg402uMr9zD9pgGNzSNALXF+MARygFpVK/T/BA SQ0RT2aDStWu2zn4InEKUmUFmoPKV38YytiHgK QSxvQcOyI3EZpQKpiV+7GBSMiJGEMvpYHwwbhJ nnnGj2MjKOQRaI6K5yL83kiEb8zU99JJX9Cdmf cy8T+vF9Powk0wiGKCQGaHCBXkh4zUmJYBfIga iESWHDgGXAotiEAjF1KmYpy2U077cOa/XyTt07 qT8puzauOyaKbEDtkRqzGHnbMGu2ZN1mKSReyJ PbMX69F6td6s95/RJavYOWB/YH18A7pSlhw=</ latexit>
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4<latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdV C7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sCfHmZWZm5+YXsou5peWV1bX8+saFjVMj sSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5 IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODly FXEJBojQKA5SOjF11eRcH19P8//JRblYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit><latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdV C7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sCfHmZWZm5+YXsou5peWV1bX8+saFjVMj sSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5 IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODly FXEJBojQKA5SOjF11eRcH19P8//JRblYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit><latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdV C7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sCfHmZWZm5+YXsou5peWV1bX8+saFjVMj sSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5 IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODly FXEJBojQKA5SOjF11eRcH19P8//JRblYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit><latexit sha1_base64="xXxfRs6t8YFXUSsKiCT91eAhMh8=">AAAB+3icdV C7TkJBEN2LL8QXammzkZhYkQXxgh3RxsJCE/ERIGbuMuCGvY/szjUhhK+w1crO2PoxFv6LC2KiRk91cs5M5swJEq0sCfHmZWZm5+YXsou5peWV1bX8+saFjVMj sSFjHZurACxqFWGDFGm8SgxCGGi8DPpHY//yDo1VcXROgwTbIfQi1VUSyEnXvNU1IPlJ5SZfEEV/XxzUBBfFqi+qtYoje37NL1d5qSgmKLApTm/y761OLNMQI5 IarG2WRELtIRhSUuMo10otJiD70MOmoxGEaNvDSeAR30ktUMwTNFxpPhHx+8YQQmsHYeAmQ6Bb+9sbi395zZS6tfZQRUlKGMnxIVIaJ4esNMo1gbyjDBLBODly FXEJBojQKA5SOjF11eRcH19P8//JRblYcvysUqgfTpvJsi22zXZZiVVZnR2zU9ZgkoXsnj2wR2/kPXnP3svnaMab7myyH/BePwDEm5Rt</latexit>
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<latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdV DLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZEuLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RG YksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJ PUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5 irkEA0RoFAcpnZi5aoquj6+n+f+kvV2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit><latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdV DLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZEuLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RG YksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJ PUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5 irkEA0RoFAcpnZi5aoquj6+n+f+kvV2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit><latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdV DLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZEuLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RG YksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJ PUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5 irkEA0RoFAcpnZi5aoquj6+n+f+kvV2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit><latexit sha1_base64="07sTJMf7heiJEi1T2yrKaKO1Has=">AAAB+3icdV DLSgNBEJz1GeMr6tHLYBA8hYmPZL0FvXjwEMFEJVmkd+zokNkHM72ChHyFVz15E69+jAf/xdkYQUXrVFR109UVplpZEuLNm5icmp6ZLcwV5xcWl5ZLK6ttm2RG YksmOjHnIVjUKsYWKdJ4nhqEKNR4FvYPc//sFo1VSXxKdykGEVzHqqckkJMueLdnQPJj/7JUFpXantj3BReVek3U/V1Hdmp+bbvOqxUxQpmN0bwsvXevEplFGJ PUYG2nKlIKBmBISY3DYjezmILswzV2HI0hQhsMRoGHfDOzQAlP0XCl+UjE7xsDiKy9i0I3GQHd2N9eLv7ldTLq+cFAxWlGGMv8ECmNo0NWGuWaQH6lDBJBnhy5 irkEA0RoFAcpnZi5aoquj6+n+f+kvV2pOn6yW24cjJspsHW2wbZYldVZgx2xJmsxySJ2zx7Yozf0nrxn7+VzdMIb76yxH/BePwDK15Rx</latexit>
B
<latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit>
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<latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit>
A
<latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv65Yw3gSHRPy GB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSG EL/CqJ2/Gqx/kwX9xdsVEjdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUHc 8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8H+QLrOiesrMao6xYdVm1VrH kxK255SotFVmKAlmgMci/94ahiH0IUChuTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2L DMaQRaCoVTUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWtoGgA6lBkSeJAc qAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoXi2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrH z5Dw7L5+jGWexs09+wHn9ALnMkaY=</latexit>
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<latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz 6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvw XhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18 Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacVb1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZY jP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCc IoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+kVS6WLG9UCrXLZTNZckSOySkpEZfUyD WpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit><latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz 6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvw XhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18 Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacVb1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZY jP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCc IoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+kVS6WLG9UCrXLZTNZckSOySkpEZfUyD WpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit><latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz 6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvw XhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18 Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacVb1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZY jP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCc IoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+kVS6WLG9UCrXLZTNZckSOySkpEZfUyD WpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit><latexit sha1_base64="QGly02SI4v4TqAz/qvp+Zz 6qhr4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRAZEdr0RvXiERB4JEDI7NDhh9pGZXhNC+AKvevJmvPpBHvw XhxUTNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3K18 Nt3oI2MwhucxtAP+DiUIyk4WqnhDvIFVqyeswuPUVZ0q8z1KpacVb1q2aWlIktRIEvUB/n33jASSQAhCsWN6ZZY jP0Z1yiFgnmulxiIuZjwMXQtDXkApj9Lg87pSWI4RjQGTaWiqQjfN2Y8MGYa+HYy4HhrfnsL8S+vm+DI689kGCc IoVgcQqkgPWSElrYBoEOpAZEvkgOVIRVcc0TQknIhrJjYSnK2j6+n6f+kVS6WLG9UCrXLZTNZckSOySkpEZfUyD WpkyYRBMg9eSCPTuI8Oc/Oy+doxlnuHJIfcF4/AKo2kZw=</latexit>
:5
<latexit sha1_base64="7lURa2Afk4zJTxgbYohBWc w0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB// FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+ O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOXc8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUW Y3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxgl CKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9plQpFyxvlfO1y2UyGHJMTckaKpEpq5J rUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit><latexit sha1_base64="7lURa2Afk4zJTxgbYohBWc w0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB// FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+ O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOXc8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUW Y3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxgl CKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9plQpFyxvlfO1y2UyGHJMTckaKpEpq5J rUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit><latexit sha1_base64="7lURa2Afk4zJTxgbYohBWc w0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB// FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+ O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOXc8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUW Y3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxgl CKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9plQpFyxvlfO1y2UyGHJMTckaKpEpq5J rUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit><latexit sha1_base64="7lURa2Afk4zJTxgbYohBWc w0zOY=">AAAB83icdVDLTgJBEJz1ifhCPXqZSEw8kQFhWW9ELx4hkUcChMwODU6YfWSm14QQvsCrnrwZr36QB// FYcVEjdapUtWdri4/VtIgY2/Oyura+sZmZiu7vbO7t587OGyZKNECmiJSke743ICSITRRooJOrIEHvoK2P7la+ O070EZG4Q1OY+gHfBzKkRQcrdSoDHJ5VnAr7MJjlBWqLqt6ZUvOXc8tVWmxwFLkyRL1Qe69N4xEEkCIQnFjukUW Y3/GNUqhYJ7tJQZiLiZ8DF1LQx6A6c/SoHN6mhiOEY1BU6loKsL3jRkPjJkGvp0MON6a395C/MvrJjjy+jMZxgl CKBaHUCpIDxmhpW0A6FBqQOSL5EBlSAXXHBG0pFwIKya2kqzt4+tp+j9plQpFyxvlfO1y2UyGHJMTckaKpEpq5J rUSZMIAuSePJBHJ3GenGfn5XN0xVnuHJEfcF4/AKcYkZo=</latexit>
:3
<latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+Z FCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefB fHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I19 9t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJmVf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7L YuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZw ghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8nrVLRtbxRLtQul81kyRE5JqfEJRVSI9 ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit><latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+Z FCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefB fHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I19 9t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJmVf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7L YuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZw ghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8nrVLRtbxRLtQul81kyRE5JqfEJRVSI9 ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit><latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+Z FCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefB fHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I19 9t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJmVf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7L YuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZw ghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8nrVLRtbxRLtQul81kyRE5JqfEJRVSI9 ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit><latexit sha1_base64="PHlBPevUzNO//Hzrk/1F+Z FCb3s=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRGYRF7wRvXiERB4JEDI7NDhh9pGZXhOy4Qu86smb8eoHefB fHBATNVqnSlV3urr8WEmDjL05mZXVtfWN7GZua3tndy+/f9AyUaIFNEWkIt3xuQElQ2iiRAWdWAMPfAVtf3I19 9t3oI2MwhucxtAP+DiUIyk4WqlxNsgXWNE7ZxdVRlmx4rFKtWzJmVf1ShXqFtkCBbJEfZB/7w0jkQQQolDcmK7L YuynXKMUCma5XmIg5mLCx9C1NOQBmH66CDqjJ4nhGNEYNJWKLkT4vpHywJhp4NvJgOOt+e3Nxb+8boKjaj+VYZw ghGJ+CKWCxSEjtLQNAB1KDYh8nhyoDKngmiOClpQLYcXEVpKzfXw9Tf8nrVLRtbxRLtQul81kyRE5JqfEJRVSI9 ekTppEECD35IE8Oonz5Dw7L5+jGWe5c0h+wHn9AKP6kZg=</latexit>
:
B
<latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3aeG59ru+8/+w FVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxRHZ5CEeCF4+QiJDAhswODU6YfWSm14R s+AKvevJmvPpBHvwXZ1dM1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZag GHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd9rhYsss1x2lc1KkhlUat7hj SbFaq9Sp1ynaGElmhMy6+jyYhj30IkEum9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNY MQxqBokLSTITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA0AnQgFiCxNDlQ ElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqrZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hq ynq2Xz9Gctdo5Jj9gvX4Ao36Rlw==</latexit>
Partition in real space
<latexit sha1_base64="slR5AWAArN/MklckQeAYm2 ejbZk=">AAACEnicbVC7SgNBFJ31GeMrainIYBCswq4IWgZtLCOYByRLmJ3cxCGzs8vMXTEs6fwEv8JWKzux9Q cs/Bdn1y008VaHc+65jxPEUhh03U9nYXFpeWW1tFZe39jc2q7s7LZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdj C8zvX0H2ohI3eAkBj9kIyWGgjO0VL9y0EO4x7TBtDVbhgpFrV9SEzMO036l6tbcvOg88ApQJUU1+pWv3iDiSQg KuWTGdD03Rj/NxnMJ03IvMWAnj9kIuhYqFoLx0/yPKT1KDMOIxqCpkDQn4bcjZaExkzCwnSHDWzOrZeR/WjfB4b mfChUnCIpni1BIyBcZroUNCOhAaEBk2eWQpcCZZoigBWWcWzKxiZVtHt7s9/OgdVLzLL4+rdYvimRKZJ8ckmPi kTNSJ1ekQZqEkwfyRJ7Ji/PovDpvzvtP64JTePbIn3I+vgFukJ4W</latexit><latexit sha1_base64="slR5AWAArN/MklckQeAYm2 ejbZk=">AAACEnicbVC7SgNBFJ31GeMrainIYBCswq4IWgZtLCOYByRLmJ3cxCGzs8vMXTEs6fwEv8JWKzux9Q cs/Bdn1y008VaHc+65jxPEUhh03U9nYXFpeWW1tFZe39jc2q7s7LZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdj C8zvX0H2ohI3eAkBj9kIyWGgjO0VL9y0EO4x7TBtDVbhgpFrV9SEzMO036l6tbcvOg88ApQJUU1+pWv3iDiSQg KuWTGdD03Rj/NxnMJ03IvMWAnj9kIuhYqFoLx0/yPKT1KDMOIxqCpkDQn4bcjZaExkzCwnSHDWzOrZeR/WjfB4b mfChUnCIpni1BIyBcZroUNCOhAaEBk2eWQpcCZZoigBWWcWzKxiZVtHt7s9/OgdVLzLL4+rdYvimRKZJ8ckmPi kTNSJ1ekQZqEkwfyRJ7Ji/PovDpvzvtP64JTePbIn3I+vgFukJ4W</latexit><latexit sha1_base64="slR5AWAArN/MklckQeAYm2 ejbZk=">AAACEnicbVC7SgNBFJ31GeMrainIYBCswq4IWgZtLCOYByRLmJ3cxCGzs8vMXTEs6fwEv8JWKzux9Q cs/Bdn1y008VaHc+65jxPEUhh03U9nYXFpeWW1tFZe39jc2q7s7LZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdj C8zvX0H2ohI3eAkBj9kIyWGgjO0VL9y0EO4x7TBtDVbhgpFrV9SEzMO036l6tbcvOg88ApQJUU1+pWv3iDiSQg KuWTGdD03Rj/NxnMJ03IvMWAnj9kIuhYqFoLx0/yPKT1KDMOIxqCpkDQn4bcjZaExkzCwnSHDWzOrZeR/WjfB4b mfChUnCIpni1BIyBcZroUNCOhAaEBk2eWQpcCZZoigBWWcWzKxiZVtHt7s9/OgdVLzLL4+rdYvimRKZJ8ckmPi kTNSJ1ekQZqEkwfyRJ7Ji/PovDpvzvtP64JTePbIn3I+vgFukJ4W</latexit><latexit sha1_base64="slR5AWAArN/MklckQeAYm2 ejbZk=">AAACEnicbVC7SgNBFJ31GeMrainIYBCswq4IWgZtLCOYByRLmJ3cxCGzs8vMXTEs6fwEv8JWKzux9Q cs/Bdn1y008VaHc+65jxPEUhh03U9nYXFpeWW1tFZe39jc2q7s7LZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdj C8zvX0H2ohI3eAkBj9kIyWGgjO0VL9y0EO4x7TBtDVbhgpFrV9SEzMO036l6tbcvOg88ApQJUU1+pWv3iDiSQg KuWTGdD03Rj/NxnMJ03IvMWAnj9kIuhYqFoLx0/yPKT1KDMOIxqCpkDQn4bcjZaExkzCwnSHDWzOrZeR/WjfB4b mfChUnCIpni1BIyBcZroUNCOhAaEBk2eWQpcCZZoigBWWcWzKxiZVtHt7s9/OgdVLzLL4+rdYvimRKZJ8ckmPi kTNSJ1ekQZqEkwfyRJ7Ji/PovDpvzvtP64JTePbIn3I+vgFukJ4W</latexit>
E↵ective basis
<latexit sha1_base64="0NujVn0q0rB9fbN8vfb+tc1AuAo=">AAACCnicbVC7SgNBFJ31GeMrKtjYDAb BKuyKoGVQBMsI5gHJEmYnd+OQ2Qczd4NhzR/4FbZa2YmtP2Hhvzi7bqGJpzqcc5/Hi6XQaNuf1sLi0vLKammtvL6xubVd2dlt6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje6zPz2GJQWUXiLkxjcgA1D4QvO0Ej9yn4 P4R7TK98HjmIM1AwTetqvVO2anYPOE6cgVVKg0a989QYRTwIIkUumddexY3RTplBwCdNyL9EQMz5iQ+gaGrIAtJvm90/pUaIZRjQGRYWkuQi/O1IWaD0JPFMZMLzTs14m/ud1E/TP3VSEcYIQ8mwRCgn5Is2VeVcBHQg FiCy7HKgIKWeKIYISlHFuxMQkVTZ5OLPfz5PWSc0x/Oa0Wr8okimRA3JIjolDzkidXJMGaRJOHsgTeSYv1qP1ar1Z7z+lC1bRs0f+wPr4Bnu5mug=</latexit><latexit sha1_base64="0NujVn0q0rB9fbN8vfb+tc1AuAo=">AAACCnicbVC7SgNBFJ31GeMrKtjYDAb BKuyKoGVQBMsI5gHJEmYnd+OQ2Qczd4NhzR/4FbZa2YmtP2Hhvzi7bqGJpzqcc5/Hi6XQaNuf1sLi0vLKammtvL6xubVd2dlt6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje6zPz2GJQWUXiLkxjcgA1D4QvO0Ej9yn4 P4R7TK98HjmIM1AwTetqvVO2anYPOE6cgVVKg0a989QYRTwIIkUumddexY3RTplBwCdNyL9EQMz5iQ+gaGrIAtJvm90/pUaIZRjQGRYWkuQi/O1IWaD0JPFMZMLzTs14m/ud1E/TP3VSEcYIQ8mwRCgn5Is2VeVcBHQg FiCy7HKgIKWeKIYISlHFuxMQkVTZ5OLPfz5PWSc0x/Oa0Wr8okimRA3JIjolDzkidXJMGaRJOHsgTeSYv1qP1ar1Z7z+lC1bRs0f+wPr4Bnu5mug=</latexit><latexit sha1_base64="0NujVn0q0rB9fbN8vfb+tc1AuAo=">AAACCnicbVC7SgNBFJ31GeMrKtjYDAb BKuyKoGVQBMsI5gHJEmYnd+OQ2Qczd4NhzR/4FbZa2YmtP2Hhvzi7bqGJpzqcc5/Hi6XQaNuf1sLi0vLKammtvL6xubVd2dlt6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje6zPz2GJQWUXiLkxjcgA1D4QvO0Ej9yn4 P4R7TK98HjmIM1AwTetqvVO2anYPOE6cgVVKg0a989QYRTwIIkUumddexY3RTplBwCdNyL9EQMz5iQ+gaGrIAtJvm90/pUaIZRjQGRYWkuQi/O1IWaD0JPFMZMLzTs14m/ud1E/TP3VSEcYIQ8mwRCgn5Is2VeVcBHQg FiCy7HKgIKWeKIYISlHFuxMQkVTZ5OLPfz5PWSc0x/Oa0Wr8okimRA3JIjolDzkidXJMGaRJOHsgTeSYv1qP1ar1Z7z+lC1bRs0f+wPr4Bnu5mug=</latexit><latexit sha1_base64="0NujVn0q0rB9fbN8vfb+tc1AuAo=">AAACCnicbVC7SgNBFJ31GeMrKtjYDAb BKuyKoGVQBMsI5gHJEmYnd+OQ2Qczd4NhzR/4FbZa2YmtP2Hhvzi7bqGJpzqcc5/Hi6XQaNuf1sLi0vLKammtvL6xubVd2dlt6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje6zPz2GJQWUXiLkxjcgA1D4QvO0Ej9yn4 P4R7TK98HjmIM1AwTetqvVO2anYPOE6cgVVKg0a989QYRTwIIkUumddexY3RTplBwCdNyL9EQMz5iQ+gaGrIAtJvm90/pUaIZRjQGRYWkuQi/O1IWaD0JPFMZMLzTs14m/ud1E/TP3VSEcYIQ8mwRCgn5Is2VeVcBHQg FiCy7HKgIKWeKIYISlHFuxMQkVTZ5OLPfz5PWSc0x/Oa0Wr8okimRA3JIjolDzkidXJMGaRJOHsgTeSYv1qP1ar1Z7z+lC1bRs0f+wPr4Bnu5mug=</latexit>
Recursive structure
<latexit sha1_base64="cKcOuDr4J8ZryMHyawxlCJVLRnE=">AAACDnicbVC7SgNBFJ31GeNr1U6bwSB YhV0RtAzaWEYxD0iWMDu5iUNmH8zcCYYl4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7nnMu954apFBo979NZWFxaXlktrBXXNza3tt2d3bpOjOJQ44lMVDNkGqSIoYYCJTRTBSwKJTTCweXEbwxBaZHEtzhKIYhYPxY9wRlaqeP utxHuMbsBbmxoCFSjMhyNgnHHLXllLwedJ/6UlMgU1Y771e4m3EQQI5dM65bvpRhkTKHgEsbFttGQMj5gfWhZGrMIdJDlHcb0yGiGCU1BUSFpLsLviYxFWo+i0CYjhnd61puI/3ktg73zIBNxahBiPlmEQkK+SHNlKyu gXaEAkU0uBypiypliiKAEZZxb0dhvFe0//Nn286R+UvYtvz4tVS6mnymQA3JIjolPzkiFXJEqqRFOHsgTeSYvzqPz6rw57z/RBWc6s0f+wPn4BmHWnRY=</latexit><latexit sha1_base64="cKcOuDr4J8ZryMHyawxlCJVLRnE=">AAACDnicbVC7SgNBFJ31GeNr1U6bwSB YhV0RtAzaWEYxD0iWMDu5iUNmH8zcCYYl4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7nnMu954apFBo979NZWFxaXlktrBXXNza3tt2d3bpOjOJQ44lMVDNkGqSIoYYCJTRTBSwKJTTCweXEbwxBaZHEtzhKIYhYPxY9wRlaqeP utxHuMbsBbmxoCFSjMhyNgnHHLXllLwedJ/6UlMgU1Y771e4m3EQQI5dM65bvpRhkTKHgEsbFttGQMj5gfWhZGrMIdJDlHcb0yGiGCU1BUSFpLsLviYxFWo+i0CYjhnd61puI/3ktg73zIBNxahBiPlmEQkK+SHNlKyu gXaEAkU0uBypiypliiKAEZZxb0dhvFe0//Nn286R+UvYtvz4tVS6mnymQA3JIjolPzkiFXJEqqRFOHsgTeSYvzqPz6rw57z/RBWc6s0f+wPn4BmHWnRY=</latexit><latexit sha1_base64="cKcOuDr4J8ZryMHyawxlCJVLRnE=">AAACDnicbVC7SgNBFJ31GeNr1U6bwSB YhV0RtAzaWEYxD0iWMDu5iUNmH8zcCYYl4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7nnMu954apFBo979NZWFxaXlktrBXXNza3tt2d3bpOjOJQ44lMVDNkGqSIoYYCJTRTBSwKJTTCweXEbwxBaZHEtzhKIYhYPxY9wRlaqeP utxHuMbsBbmxoCFSjMhyNgnHHLXllLwedJ/6UlMgU1Y771e4m3EQQI5dM65bvpRhkTKHgEsbFttGQMj5gfWhZGrMIdJDlHcb0yGiGCU1BUSFpLsLviYxFWo+i0CYjhnd61puI/3ktg73zIBNxahBiPlmEQkK+SHNlKyu gXaEAkU0uBypiypliiKAEZZxb0dhvFe0//Nn286R+UvYtvz4tVS6mnymQA3JIjolPzkiFXJEqqRFOHsgTeSYvzqPz6rw57z/RBWc6s0f+wPn4BmHWnRY=</latexit><latexit sha1_base64="cKcOuDr4J8ZryMHyawxlCJVLRnE=">AAACDnicbVC7SgNBFJ31GeNr1U6bwSB YhV0RtAzaWEYxD0iWMDu5iUNmH8zcCYYl4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7nnMu954apFBo979NZWFxaXlktrBXXNza3tt2d3bpOjOJQ44lMVDNkGqSIoYYCJTRTBSwKJTTCweXEbwxBaZHEtzhKIYhYPxY9wRlaqeP utxHuMbsBbmxoCFSjMhyNgnHHLXllLwedJ/6UlMgU1Y771e4m3EQQI5dM65bvpRhkTKHgEsbFttGQMj5gfWhZGrMIdJDlHcb0yGiGCU1BUSFpLsLviYxFWo+i0CYjhnd61puI/3ktg73zIBNxahBiPlmEQkK+SHNlKyu gXaEAkU0uBypiypliiKAEZZxb0dhvFe0//Nn286R+UvYtvz4tVS6mnymQA3JIjolPzkiFXJEqqRFOHsgTeSYvzqPz6rw57z/RBWc6s0f+wPn4BmHWnRY=</latexit>
=<latexit sha1_base64="M3xvzDxwyFe4YoSB/ZXIt717fc8=">AAAB83icbVC7SgNBFJ31GeMramkzGASrsCuCNkLQxjIB84BkCbOTmzhkdnaZuSOEkC+w1cpObP0gC//F2XULT TzV4Zx7ueeeKJXCoO9/eiura+sbm6Wt8vbO7t5+5eCwbRKrObR4IhPdjZgBKRS0UKCEbqqBxZGETjS5zfzOI2gjEnWP0xTCmI2VGAnO0EnN60Gl6tf8HHSZBAWpkgKNQeWrP0y4jUEhl8yYXuCnGM6YRsElzMt9ayBlfMLG0HNUsRhMOMuDzumpNQwTmoKmQtJchN8bMxYbM40jNxkzfDCLXib+5/Usjq7CmVCpRVA8O4RCQn7IcC1cA0CHQgMiy5IDFYpyphkiaEEZ506 0rpKy6yNY/H6ZtM9rgePNi2r9pmimRI7JCTkjAbkkdXJHGqRFOAHyRJ7Ji2e9V+/Ne/8ZXfGKnSPyB97HNyqWkUY=</latexit><latexit sha1_base64="M3xvzDxwyFe4YoSB/ZXIt717fc8=">AAAB83icbVC7SgNBFJ31GeMramkzGASrsCuCNkLQxjIB84BkCbOTmzhkdnaZuSOEkC+w1cpObP0gC//F2XULT TzV4Zx7ueeeKJXCoO9/eiura+sbm6Wt8vbO7t5+5eCwbRKrObR4IhPdjZgBKRS0UKCEbqqBxZGETjS5zfzOI2gjEnWP0xTCmI2VGAnO0EnN60Gl6tf8HHSZBAWpkgKNQeWrP0y4jUEhl8yYXuCnGM6YRsElzMt9ayBlfMLG0HNUsRhMOMuDzumpNQwTmoKmQtJchN8bMxYbM40jNxkzfDCLXib+5/Usjq7CmVCpRVA8O4RCQn7IcC1cA0CHQgMiy5IDFYpyphkiaEEZ506 0rpKy6yNY/H6ZtM9rgePNi2r9pmimRI7JCTkjAbkkdXJHGqRFOAHyRJ7Ji2e9V+/Ne/8ZXfGKnSPyB97HNyqWkUY=</latexit><latexit sha1_base64="M3xvzDxwyFe4YoSB/ZXIt717fc8=">AAAB83icbVC7SgNBFJ31GeMramkzGASrsCuCNkLQxjIB84BkCbOTmzhkdnaZuSOEkC+w1cpObP0gC//F2XULT TzV4Zx7ueeeKJXCoO9/eiura+sbm6Wt8vbO7t5+5eCwbRKrObR4IhPdjZgBKRS0UKCEbqqBxZGETjS5zfzOI2gjEnWP0xTCmI2VGAnO0EnN60Gl6tf8HHSZBAWpkgKNQeWrP0y4jUEhl8yYXuCnGM6YRsElzMt9ayBlfMLG0HNUsRhMOMuDzumpNQwTmoKmQtJchN8bMxYbM40jNxkzfDCLXib+5/Usjq7CmVCpRVA8O4RCQn7IcC1cA0CHQgMiy5IDFYpyphkiaEEZ506 0rpKy6yNY/H6ZtM9rgePNi2r9pmimRI7JCTkjAbkkdXJHGqRFOAHyRJ7Ji2e9V+/Ne/8ZXfGKnSPyB97HNyqWkUY=</latexit><latexit sha1_base64="M3xvzDxwyFe4YoSB/ZXIt717fc8=">AAAB83icbVC7SgNBFJ31GeMramkzGASrsCuCNkLQxjIB84BkCbOTmzhkdnaZuSOEkC+w1cpObP0gC//F2XULT TzV4Zx7ueeeKJXCoO9/eiura+sbm6Wt8vbO7t5+5eCwbRKrObR4IhPdjZgBKRS0UKCEbqqBxZGETjS5zfzOI2gjEnWP0xTCmI2VGAnO0EnN60Gl6tf8HHSZBAWpkgKNQeWrP0y4jUEhl8yYXuCnGM6YRsElzMt9ayBlfMLG0HNUsRhMOMuDzumpNQwTmoKmQtJchN8bMxYbM40jNxkzfDCLXib+5/Usjq7CmVCpRVA8O4RCQn7IcC1cA0CHQgMiy5IDFYpyphkiaEEZ506 0rpKy6yNY/H6ZtM9rgePNi2r9pmimRI7JCTkjAbkkdXJHGqRFOAHyRJ7Ji2e9V+/Ne/8ZXfGKnSPyB97HNyqWkUY=</latexit>
k
<latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit>
k
<latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit>
k
<latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit><latexit sha1_base64="o8JPwhWLFd8reOuyjLbZCuGAu7A=">AAAB83icbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWCZgHpAsYXZy E4fMzi4zd4QQ8gW2WtmJrR9k4b84u26hiac6nHMv99wTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD486JrGaQ5snMtG9iBmQQkEbBUropRpYHEnoRtPbzO8+gjYiUfc4SyGM2USJseAMndSaDqs1v+7noKskKEiNFGgOq1+DUcJtDAq5ZMb0Az/FcM40Ci5hURlYAynjUzaBvqOKxW DCeR50Qc+sYZjQFDQVkuYi/N6Ys9iYWRy5yZjhg1n2MvE/r29xfB3OhUotguLZIRQS8kOGa+EaADoSGhBZlhyoUJQzzRBBC8o4d6J1lVRcH8Hy96ukc1EPHG9d1ho3RTNlckJOyTkJyBVpkDvSJG3CCZAn8kxePOu9em/e+89oySt2jskfeB/fckiRdA==</latexit>
p+
1
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Figure 2: The partitions (i-iii) of the ground state of the hierarchical model that we consider
here. Left column: the partitions in real space. Central column: reduced density matrix in
renormalised variables. The green circles indicate the block spins, whose basis is used to write
the recursive density matrix. Each of them contributes with a factor two to the size of ρˆA.
Right column: recursive structure of the reduced density matrix. In the inset (a) we introduce
the diagram for the recursive trace performed on a block-spin k times. (Top row) Partition (i)
with an interval of size `k = 2n−k. The reduced density matrix is a 2× 2-matrix in the basis
of the renormalised spins at (n− k)-th level. (Middle) Partition (ii) with an interval of length
`pm = (2
p − 1)2m + 1. The reduced density matrix has effective size 2p+1 × 2p+1. (Bottom)
Partition (iii) with an interval of length ` = L/2 shifted by one site from the chain end. This
partition always splits n effective spins and the reduced density matrix has size L× L.
density matrix ρˆA is a 2× 2 matrix in the basis |±〉[n−1]1 and its eigenvalues will never
change when rewriting in terms of the spins at lower levels up to the physical spins.
The same reasoning applies to all other kinds of intervals. However, since the
model is not translationally invariant, the reduced density matrix depends not only on
the length of the subsystems A, but also on its position in the chain. We consider the
three following bipartitions as shown in Fig. 2:
(i) the interval of length `k = L/2k = 2n−k (with k = 1, . . . n) starting from left end
of the chain as in the top panel of Fig. 2;
(ii) the interval of length `pm = (2p − 1)2m + 1 (with m, p ≥ 1) again starting from
left end of the chain as in the central panel of Fig. 2;
(iii) the shifted interval of length ` = L/2 starting from the second site of the chain as
in the bottom panel of Fig. 2.
For these three cases, we will construct the reduced density matrix ρˆ` recursively.
Entanglement entropy of the long-range Dyson hierarchical model 9
The partition (i), as previously discussed for ` = L/2, splits only one renormalised
spin at level n− k. Hence, the reduced density matrix is conveniently written in the
basis at this level when it is again a 2 × 2 matrix, whose elements will be obtained
recursively.
Partition (ii) instead cuts p+1 effective spins, hence it is a matrix of size 2p+1×2p+1
in the basis given by the tensor product of the effective spins at corresponding levels (see
below for details). Consequently the largest possible rank is obtained for ` = L/2− 1,
i.e. m = 1 and p = n− 2.
The partition (iii) is chosen in such a way to have maximum possible rank (as
standard in tree tensor networks [76–79]). Indeed, this partition cuts by construction
n effective spins and so ρˆA is, in principle, a L× L density matrix.
Numerical and analytical results for the entanglement entropy at criticality will
be explicitly obtained in the following subsections for asymptotically large systems
and subsystems. The most relevant and surprising result is that the reduced density
matrix has alway a finite rank (at most equal to 16), even for the case (iii) when the
rank naively might have been maximal, i.e. L. The natural question at this point is
how well the fixed point ground-state entanglement correctly describes the one of the
real model, without integrating out the high-energy physics in the renormalisation
procedure. To this aim, we compare the renormalised entanglement with the exact one.
In Fig. 3 we report the comparison with the data from numerical exact diagonalisation
for L = 16 and partition (iii) (because of the tree structure, the next possible size
would be L = 32 that is hard to exactly diagonalise; alternatively one can use tree
tensor networks to get very accurate estimates for larger chain, but this is beyond the
goal of this paper). We show the comparison for many values of σ. The two curves
are qualitatively very similar, although SA is non-monotonic in σ. While for large and
small σ they compare very well, there are quantitative differences for σ ∼ 1. Most
probably this is just a finite size effect and indeed it is remarkable that for such small
value of L, the two curves match so well. In the figure we report also the results from
renormalisation group for larger L, showing that the saturation value is much larger
for intermediate σ as we shall discuss.4.7 Recursive p entanglement entropies
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Figure 3: Entanglement entropy at the critical point for the partition (iii) as a function of σ.
SA is non-monotonic. We compare numerical exact diagonalisation results at L = 16 with the
RG prediction. For intermediate σ, finite size effects are relevant.
Entanglement entropy of the long-range Dyson hierarchical model 10
Since in the following we will only consider critical entanglement entropies, to
lighten the notations we set Kc = K to indicate the control parameter at the critical
point and we set J = 1.
3.1 Entanglement entropy for the partition (i).
We first consider the reduced density matrix for an interval A of length `k = 2n−k
starting from the chain boundary. The partial trace over B (the complement of A, i.e.
the last L− `k spins) may be obtained recursively by tracing away half of the spins
at each step k times, as shown in the top panel of Fig. 2. For later convenience, it is
useful to define the auxiliary matrices τˆ [k]i , represented pictorially by the diagram (a)
in the inset of Fig. 2, as
τˆ
[k]
0 ≡ trB |+〉〈+|[n] , τˆ [k]1 ≡ trB |−〉〈−|[n] , (21a)
τˆ
[k]
2 ≡ trB |+〉〈−|[n] , τˆ [k]3 ≡ trB |−〉〈+|[n] , (21b)
where the states |±〉[n] are defined in Eq. (11). Notice that the k dependence is encoded
in B. These matrix can be written explicitly in the basis of the first spin at level n− k
(i.e. in the basis |±〉[n−k]1 ) by recursion (see Appendix A.1) as
τˆ
[k]
0 =
(
c+k 0
0 d+k
)
, τˆ
[k]
1 =
(
c−k 0
0 d−k
)
, τˆ
[k]
2 =
(
0 ek
fk 0
)
, τˆ
[k]
3 =
[
τˆ
[k]
2
]T
, (22)
with 
c±k = a
2 c±k−1 +
1
2
d±k−1
d±k = b
2 c±k−1 +
1
2
d±k−1 ,

ek =
a√
2
ek−1 +
b√
2
fk−1
fk =
b√
2
ek−1 +
a√
2
fk−1 ,
(23)
with initial conditions c+0 = 1, d
+
0 = 0, c
−
0 = 0, d
−
0 = 1, e0 = 1, f0 = 0. Here a, b are
the coefficients in Eq. (12) evaluated at the critical point Kk = K. These recurrence
relations admit the exact solution
c+k =
1 + 2b2 e−kα
1 + 2b2
d+k = 2b
2 1− e−kα
1 + 2b2
,

c−k =
1− e−kα
1 + 2b2
d−k =
2b2 + e−kα
1 + 2b2
,

ek =
1
2
(
e−βk + e−γk
)
fk =
1
2
(
e−βk − e−γk) ,
(24)
with
α ≡ ln
√
K2 + 4 , β ≡ ln
√
2
a− b , γ ≡ ln
√
2
a+ b
. (25)
Being the ground state |ψ〉GS = |+〉[n] as in Eq. (17), we just have ρˆA = τˆ [k]0 , which is
already written in diagonal form. Hence, the exact fixed-point entanglement entropy
for this bipartition is
SA = −c+k ln c+k − d+k ln d+k . (26)
Note that, because of the tree structure of the ground state, SA is a function only of k
and not of k and n separately. For large k we have the exact asymptotic expansion
SA = S∗ + c∗e−kα +O(e−2kα) , (27)
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4.4 Exact entanglement entropies
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Figure 10: (Top) Exact entanglement entropy of l = L/2k for different values of  . We compare the Exact result of Eq.(23)
and the values that one gets from brute recursion, see Eq.(37). Perfect agreement!
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Figure 4: Critical entanglement entropy for `k = 2n−k for different values of σ. We compare
the results obtained by means of exact diagonalisation for L = 8 (green) and 16 (red) with
` = 1, 2, 4, 8 with the asymptotic saturation value of the fixed-point entanglement entropy
(27) (full line). Although the systems are very small, the results match quite well for ` L.
.
with
S∗ = ln(1 + 2b2)− 2b
2
(1 + 2b2)
ln 2b2, c∗ =
2b2 ln 2b2
1 + 2b2
. (28)
Thus, the entanglement entropy sat rates to a consta t S∗, expone tially fast in k.
Since e−k ln 2 = (`k/L), Eq. (27) is an expansion for `k  L.
In Fig. 4, we plot the asymptotic fixed-point value S∗ (28) as a function of σ. We
also compare it with the exact diagonalisation res lts for L = 8 and L = 16 with all
possible val es of `k = 1, 2, 4 and ` = 8 for L = 16. Alth ugh th size of the sys em is
very small, the results for small ` lie very close to the saturation value S∗ (expected to
be reached for `k  L, but large L).
3.2 Entanglement e ropy for h partition (ii)
In th s subsection, we obtain the renormalised reduced e sity matrix of the critical
ground state (17) for a partition of le gth `pm = (2p − 1)2m + 1. (We can also think
to the bipartition as a binary number: the binary representation of `pm − 1 is just p
ones foll wed by m zeros – we can place ν = n− p−m zeros in front of it – the result
does not depend on ν). The number of effective spins broken by the partition is p+ 1,
as it should be clear also from Fig. 2. The rules to construct recursively the reduced
density matrix are:
(a) Trace away recursively half of the spins ν = n−m− p times to get the reduced
density matrix ρˆ(a) of the first 2p+m spins. ρˆ(a) is a 2 × 2 matrix in the basis
|±〉[p+m]1 as in Sec. 3.1.
(b) Trace out the (m− 1)-th effective spin on the right. ρˆ(b) is a 2p+1× 2p+1 matrix in
the basis |±〉[m+p−1]1 ⊗|±〉[m+p−2]3 ⊗· · ·⊗ |±〉[m]2p−1⊗|±〉[m−1]2p+1−1. This is the reduced
density matrix of the first 2m+p − 2m−1 spins at level zero.
(c) On the rightmost effective spin at level m − 1, trace out all spins except one
at level zero by means of the recurrence relations (21). This last step does not
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(c)
<latexit sha1_base64="ETUwWOOU5B1IeGfsSigJlAWw9ck=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnmIxIrOl0045Xy27taIyApfQQsVHaLlXyj 4F87BBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfZn77HrQRkbrBSQx+yEZKDAVnaKXbHsIDplV+PO2XK27NnYEuEi8nFZKj0S9/9QYRT0JQyCUzpuu5Mfop0yi4hGmplxiIGR+zEXQtVSwE46ezxFN6lBiGEY1BUyHpTITfGykLjZmEgZ0MGd6ZeS8T//O6CQ7P/VSoOEFQPDuEQsLskOFa 2CqADoQGRJYlByoU5UwzRNCCMs6tmNhuSrYPb/77RdI6qXmWX59W6hd5M0VyQA5JlXjkjNTJFWmQJuFEkSfyTF6cR+fVeXPef0YLTr6zT/7A+fgGFySVMA==</latexit><latexit sha1_base64="ETUwWOOU5B1IeGfsSigJlAWw9ck=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnmIxIrOl0045Xy27taIyApfQQsVHaLlXyj 4F87BBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfZn77HrQRkbrBSQx+yEZKDAVnaKXbHsIDplV+PO2XK27NnYEuEi8nFZKj0S9/9QYRT0JQyCUzpuu5Mfop0yi4hGmplxiIGR+zEXQtVSwE46ezxFN6lBiGEY1BUyHpTITfGykLjZmEgZ0MGd6ZeS8T//O6CQ7P/VSoOEFQPDuEQsLskOFa 2CqADoQGRJYlByoU5UwzRNCCMs6tmNhuSrYPb/77RdI6qXmWX59W6hd5M0VyQA5JlXjkjNTJFWmQJuFEkSfyTF6cR+fVeXPef0YLTr6zT/7A+fgGFySVMA==</latexit><latexit sha1_base64="ETUwWOOU5B1IeGfsSigJlAWw9ck=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnmIxIrOl0045Xy27taIyApfQQsVHaLlXyj 4F87BBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfZn77HrQRkbrBSQx+yEZKDAVnaKXbHsIDplV+PO2XK27NnYEuEi8nFZKj0S9/9QYRT0JQyCUzpuu5Mfop0yi4hGmplxiIGR+zEXQtVSwE46ezxFN6lBiGEY1BUyHpTITfGykLjZmEgZ0MGd6ZeS8T//O6CQ7P/VSoOEFQPDuEQsLskOFa 2CqADoQGRJYlByoU5UwzRNCCMs6tmNhuSrYPb/77RdI6qXmWX59W6hd5M0VyQA5JlXjkjNTJFWmQJuFEkSfyTF6cR+fVeXPef0YLTr6zT/7A+fgGFySVMA==</latexit><latexit sha1_base64="ETUwWOOU5B1IeGfsSigJlAWw9ck=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnmIxIrOl0045Xy27taIyApfQQsVHaLlXyj 4F87BBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfZn77HrQRkbrBSQx+yEZKDAVnaKXbHsIDplV+PO2XK27NnYEuEi8nFZKj0S9/9QYRT0JQyCUzpuu5Mfop0yi4hGmplxiIGR+zEXQtVSwE46ezxFN6lBiGEY1BUyHpTITfGykLjZmEgZ0MGd6ZeS8T//O6CQ7P/VSoOEFQPDuEQsLskOFa 2CqADoQGRJYlByoU5UwzRNCCMs6tmNhuSrYPb/77RdI6qXmWX59W6hd5M0VyQA5JlXjkjNTJFWmQJuFEkSfyTF6cR+fVeXPef0YLTr6zT/7A+fgGFySVMA==</latexit>
⌫
<latexit sha1_base64="O6T4x8c9bbbf rM63BttP6ASEnxE=">AAAB93icbVA9SwNBFNzzM8avqKXNYhCswp0IWgZtLCN4SSA5wt 7mJS7Z2zt23wrhyG+w1cpObP05Fv4XN+cVmjjVMPMeb97EmRQGff/TW1ldW9/YrGxVt 3d29/ZrB4dtk1rNIeSpTHU3ZgakUBCiQAndTANLYgmdeHIz9zuPoI1I1T1OM4gSNlZiJ DhDJ4V5X9nZoFb3G34BukyCktRJidag9tUfptwmoJBLZkwv8DOMcqZRcAmzat8ayBifs DH0HFUsARPlRdgZPbWGYUoz0FRIWojweyNniTHTJHaTCcMHs+jNxf+8nsXRVZQLlVkE xeeHUEgoDhmuhWsB6FBoQGTz5ECFopxphghaUMa5E62rper6CBa/Xybt80bg+N1FvXld NlMhx+SEnJGAXJImuSUtEhJOBHkiz+TFm3qv3pv3/jO64pU7R+QPvI9v14KTaA==</l atexit><latexit sha1_base64="O6T4x8c9bbbf rM63BttP6ASEnxE=">AAAB93icbVA9SwNBFNzzM8avqKXNYhCswp0IWgZtLCN4SSA5wt 7mJS7Z2zt23wrhyG+w1cpObP05Fv4XN+cVmjjVMPMeb97EmRQGff/TW1ldW9/YrGxVt 3d29/ZrB4dtk1rNIeSpTHU3ZgakUBCiQAndTANLYgmdeHIz9zuPoI1I1T1OM4gSNlZiJ DhDJ4V5X9nZoFb3G34BukyCktRJidag9tUfptwmoJBLZkwv8DOMcqZRcAmzat8ayBifs DH0HFUsARPlRdgZPbWGYUoz0FRIWojweyNniTHTJHaTCcMHs+jNxf+8nsXRVZQLlVkE xeeHUEgoDhmuhWsB6FBoQGTz5ECFopxphghaUMa5E62rper6CBa/Xybt80bg+N1FvXld NlMhx+SEnJGAXJImuSUtEhJOBHkiz+TFm3qv3pv3/jO64pU7R+QPvI9v14KTaA==</l atexit><latexit sha1_base64="O6T4x8c9bbbf rM63BttP6ASEnxE=">AAAB93icbVA9SwNBFNzzM8avqKXNYhCswp0IWgZtLCN4SSA5wt 7mJS7Z2zt23wrhyG+w1cpObP05Fv4XN+cVmjjVMPMeb97EmRQGff/TW1ldW9/YrGxVt 3d29/ZrB4dtk1rNIeSpTHU3ZgakUBCiQAndTANLYgmdeHIz9zuPoI1I1T1OM4gSNlZiJ DhDJ4V5X9nZoFb3G34BukyCktRJidag9tUfptwmoJBLZkwv8DOMcqZRcAmzat8ayBifs DH0HFUsARPlRdgZPbWGYUoz0FRIWojweyNniTHTJHaTCcMHs+jNxf+8nsXRVZQLlVkE xeeHUEgoDhmuhWsB6FBoQGTz5ECFopxphghaUMa5E62rper6CBa/Xybt80bg+N1FvXld NlMhx+SEnJGAXJImuSUtEhJOBHkiz+TFm3qv3pv3/jO64pU7R+QPvI9v14KTaA==</l atexit><latexit sha1_base64="O6T4x8c9bbbf rM63BttP6ASEnxE=">AAAB93icbVA9SwNBFNzzM8avqKXNYhCswp0IWgZtLCN4SSA5wt 7mJS7Z2zt23wrhyG+w1cpObP05Fv4XN+cVmjjVMPMeb97EmRQGff/TW1ldW9/YrGxVt 3d29/ZrB4dtk1rNIeSpTHU3ZgakUBCiQAndTANLYgmdeHIz9zuPoI1I1T1OM4gSNlZiJ DhDJ4V5X9nZoFb3G34BukyCktRJidag9tUfptwmoJBLZkwv8DOMcqZRcAmzat8ayBifs DH0HFUsARPlRdgZPbWGYUoz0FRIWojweyNniTHTJHaTCcMHs+jNxf+8nsXRVZQLlVkE xeeHUEgoDhmuhWsB6FBoQGTz5ECFopxphghaUMa5E62rper6CBa/Xybt80bg+N1FvXld NlMhx+SEnJGAXJImuSUtEhJOBHkiz+TFm3qv3pv3/jO64pU7R+QPvI9v14KTaA==</l atexit>
A
<latexit sha1_base64="WyLKiv 65Yw3gSHRPyGB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSGEL/CqJ2/Gqx/kwX9xdsVE jdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUH c8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8 H+QLrOiesrMao6xYdVm1VrHkxK255SotFVmKAlmgMci/94ahiH0IUC huTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2LDMaQRaCoV TUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWt oGgA6lBkSeJAcqAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoX i2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrHz5Dw7L5+jGWexs09+wHn 9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv 65Yw3gSHRPyGB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSGEL/CqJ2/Gqx/kwX9xdsVE jdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUH c8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8 H+QLrOiesrMao6xYdVm1VrHkxK255SotFVmKAlmgMci/94ahiH0IUC huTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2LDMaQRaCoV TUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWt oGgA6lBkSeJAcqAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoX i2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrHz5Dw7L5+jGWexs09+wHn 9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv 65Yw3gSHRPyGB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSGEL/CqJ2/Gqx/kwX9xdsVE jdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUH c8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8 H+QLrOiesrMao6xYdVm1VrHkxK255SotFVmKAlmgMci/94ahiH0IUC huTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2LDMaQRaCoV TUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWt oGgA6lBkSeJAcqAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoX i2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrHz5Dw7L5+jGWexs09+wHn 9ALnMkaY=</latexit><latexit sha1_base64="WyLKiv 65Yw3gSHRPyGB/7WWl+/4=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRAbEBW+oF4+QCJIAIbNDgxNmH5npNSGEL/CqJ2/Gqx/kwX9xdsVE jdapUtWdri4vUtIgY29OZml5ZXUtu57b2Nza3snv7rVNGGsBLRGqUH c8bkDJAFooUUEn0sB9T8GNN7lM/Js70EaGwTVOI+j7fBzIkRQcrdQ8 H+QLrOiesrMao6xYdVm1VrHkxK255SotFVmKAlmgMci/94ahiH0IUC huTLfEIuzPuEYpFMxzvdhAxMWEj6FracB9MP1ZGnROj2LDMaQRaCoV TUX4vjHjvjFT37OTPsdb89tLxL+8boyjWn8mgyhGCERyCKWC9JARWt oGgA6lBkSeJAcqAyq45oigJeVCWDG2leRsH19P0/9Ju1wsWd6sFOoX i2ay5IAckmNSIlVSJ1ekQVpEECD35IE8OrHz5Dw7L5+jGWexs09+wHn 9ALnMkaY=</latexit>
B
<latexit sha1_base64="4SAJ3a eG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM 1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZa gGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd 9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkE um9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLS TITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA 0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqr ZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4 Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3a eG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM 1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZa gGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd 9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkE um9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLS TITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA 0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqr ZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4 Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3a eG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM 1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZa gGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd 9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkE um9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLS TITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA 0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqr ZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4 Ao36Rlw==</latexit><latexit sha1_base64="4SAJ3a eG59ru+8/+wFVmAZmuvso=">AAAB83icdVDLTgJBEJzFF+IL9ehlIj HxRHZ5CEeCF4+QiJDAhswODU6YfWSm14Rs+AKvevJmvPpBHvwXZ1dM 1GidKlXd6eryIik02vablVtb39jcym8Xdnb39g+Kh0c3OowVhx4PZa gGHtMgRQA9FChhEClgvieh780vU79/B0qLMLjGRQSuz2aBmArO0Ejd 9rhYsss1x2lc1KkhlUat7hjSbFaq9Sp1ynaGElmhMy6+jyYhj30IkE um9dCxI3QTplBwCcvCKNYQMT5nMxgaGjAftJtkQZf0LNYMQxqBokLS TITvGwnztV74npn0Gd7q314q/uUNY5w23UQEUYwQ8PQQCgnZIc2VMA 0AnQgFiCxNDlQElDPFEEEJyjg3YmwqKZg+vp6m/5ObStkxvFsrtdqr ZvLkhJySc+KQBmmRK9IhPcIJkHvyQB6t2Hqynq2Xz9Gctdo5Jj9gvX4 Ao36Rlw==</latexit>
EX. ` = 5 : 0100
<latexit sha1_base64= "pFg27gK5nosyHysmbi49QnistSU=">AAACG3icbVD LSsNAFJ3UV62vqEs3g0V0ISURRRGEogguK9gHNKVMp rd16GQSZm7EEvoJfoJf4VZX7sStCxf+i0ntQlvP6n DOfR4/ksKg43xauZnZufmF/GJhaXlldc1e36iZMNYc qjyUoW74zIAUCqooUEIj0sACX0Ld719kfv0OtBGhu sFBBK2A9ZToCs4wldr2rodwj4kXqw7obEhy2SgNh9T b90BKekaPTqnjOk7bLjolZwQ6TdwxKZIxKm37y+uEP A5AIZfMmKbrRNhKmEbBJQwLXmwgYrzPetBMqWIBmF YyemhId2LDMKQRaCokHYnwuyNhgTGDwE8rA4a3ZtLL xP+8Zozdk1YiVBQjKJ4tQiFhtMhwLdKkgHaEBkSWX Q5UKMqZZoigBWWcp2KcRldI83Anv58mtYOSm/Lrw2L 5fJxMnmyRbbJHXHJMyuSKVEiVcPJAnsgzebEerVfrz Xr/Kc1Z455N8gfWxzc9KJ/C</latexit><latexit sha1_base64= "pFg27gK5nosyHysmbi49QnistSU=">AAACG3icbVD LSsNAFJ3UV62vqEs3g0V0ISURRRGEogguK9gHNKVMp rd16GQSZm7EEvoJfoJf4VZX7sStCxf+i0ntQlvP6n DOfR4/ksKg43xauZnZufmF/GJhaXlldc1e36iZMNYc qjyUoW74zIAUCqooUEIj0sACX0Ld719kfv0OtBGhu sFBBK2A9ZToCs4wldr2rodwj4kXqw7obEhy2SgNh9T b90BKekaPTqnjOk7bLjolZwQ6TdwxKZIxKm37y+uEP A5AIZfMmKbrRNhKmEbBJQwLXmwgYrzPetBMqWIBmF YyemhId2LDMKQRaCokHYnwuyNhgTGDwE8rA4a3ZtLL xP+8Zozdk1YiVBQjKJ4tQiFhtMhwLdKkgHaEBkSWX Q5UKMqZZoigBWWcp2KcRldI83Anv58mtYOSm/Lrw2L 5fJxMnmyRbbJHXHJMyuSKVEiVcPJAnsgzebEerVfrz Xr/Kc1Z455N8gfWxzc9KJ/C</latexit><latexit sha1_base64= "pFg27gK5nosyHysmbi49QnistSU=">AAACG3icbVD LSsNAFJ3UV62vqEs3g0V0ISURRRGEogguK9gHNKVMp rd16GQSZm7EEvoJfoJf4VZX7sStCxf+i0ntQlvP6n DOfR4/ksKg43xauZnZufmF/GJhaXlldc1e36iZMNYc qjyUoW74zIAUCqooUEIj0sACX0Ld719kfv0OtBGhu sFBBK2A9ZToCs4wldr2rodwj4kXqw7obEhy2SgNh9T b90BKekaPTqnjOk7bLjolZwQ6TdwxKZIxKm37y+uEP A5AIZfMmKbrRNhKmEbBJQwLXmwgYrzPetBMqWIBmF YyemhId2LDMKQRaCokHYnwuyNhgTGDwE8rA4a3ZtLL xP+8Zozdk1YiVBQjKJ4tQiFhtMhwLdKkgHaEBkSWX Q5UKMqZZoigBWWcp2KcRldI83Anv58mtYOSm/Lrw2L 5fJxMnmyRbbJHXHJMyuSKVEiVcPJAnsgzebEerVfrz Xr/Kc1Z455N8gfWxzc9KJ/C</latexit><latexit sha1_base64= "pFg27gK5nosyHysmbi49QnistSU=">AAACG3icbVD LSsNAFJ3UV62vqEs3g0V0ISURRRGEogguK9gHNKVMp rd16GQSZm7EEvoJfoJf4VZX7sStCxf+i0ntQlvP6n DOfR4/ksKg43xauZnZufmF/GJhaXlldc1e36iZMNYc qjyUoW74zIAUCqooUEIj0sACX0Ld719kfv0OtBGhu sFBBK2A9ZToCs4wldr2rodwj4kXqw7obEhy2SgNh9T b90BKekaPTqnjOk7bLjolZwQ6TdwxKZIxKm37y+uEP A5AIZfMmKbrRNhKmEbBJQwLXmwgYrzPetBMqWIBmF YyemhId2LDMKQRaCokHYnwuyNhgTGDwE8rA4a3ZtLL xP+8Zozdk1YiVBQjKJ4tQiFhtMhwLdKkgHaEBkSWX Q5UKMqZZoigBWWcp2KcRldI83Anv58mtYOSm/Lrw2L 5fJxMnmyRbbJHXHJMyuSKVEiVcPJAnsgzebEerVfrz Xr/Kc1Z455N8gfWxzc9KJ/C</latexit>
[3]
<latexit sha1_base64="4G4YTu16T1PjlMmBamAlWllLsSU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogyENKrOh82YRTz mfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKV+Z0H0EZE6g6nMfghGysxEpyhlW57p/6gWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxq DpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY4u/FSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lb85qjcuimTI5IIfkmHjknDTINWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbhKCSCA==</latexit><latexit sha1_base64="4G4YTu16T1PjlMmBamAlWllLsSU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogyENKrOh82YRTz mfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKV+Z0H0EZE6g6nMfghGysxEpyhlW57p/6gWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxq DpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY4u/FSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lb85qjcuimTI5IIfkmHjknDTINWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbhKCSCA==</latexit><latexit sha1_base64="4G4YTu16T1PjlMmBamAlWllLsSU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogyENKrOh82YRTz mfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKV+Z0H0EZE6g6nMfghGysxEpyhlW57p/6gWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxq DpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY4u/FSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lb85qjcuimTI5IIfkmHjknDTINWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbhKCSCA==</latexit><latexit sha1_base64="4G4YTu16T1PjlMmBamAlWllLsSU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogyENKrOh82YRTz mfrbg2KrHwCLVR0iJbvoeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKV+Z0H0EZE6g6nMfghGysxEpyhlW57p/6gWnPrbg66SLyC1EiB5qD61R9GPAlBIZfMmJ7nxuinTKPgEmaVfmIgZnzCxtCzVLEQjJ/mUWf0KDEMIxq DpkLSXITfGykLjZmGgZ0MGd6beS8T//N6CY4u/FSoOEFQPDuEQkJ+yHAtbAdAh0IDIsuSAxWKcqYZImhBGedWTGwpFduHN//9Immf1D3Lb85qjcuimTI5IIfkmHjknDTINWmSFuFkTJ7IM3lxHp1X5815/xktOcXOPvkD5+MbhKCSCA==</latexit>
[1]
<latexit sha1_base64="7uscjnjB6mNvZLQB215a/Lvpssk=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+FwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj2+BgJIG</latexit><latexit sha1_base64="7uscjnjB6mNvZLQB215a/Lvpssk=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+FwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj2+BgJIG</latexit><latexit sha1_base64="7uscjnjB6mNvZLQB215a/Lvpssk=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+FwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj2+BgJIG</latexit><latexit sha1_base64="7uscjnjB6mNvZLQB215a/Lvpssk=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+FwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj2+BgJIG</latexit>[2]
<latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit><latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit><latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit><latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit>
[2]
<latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit><latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit><latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit><latexit sha1_base64="ujGwrQPVD6zR9SSHvC6rYaEvTEw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDIA8psaLzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4Wxc QMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5ncfQBsRqTucxeCHbKLEWHCGVrrtN/xhtebW3Rx0mXgFqZECrWH1azCKeBKCQi6ZMX3PjdFPmUbBJcwrg8RAzPiUTaBvqWIhGD/No87pSWIYRjQGTYWkuQi/N1IWGjMLAzsZMrw3i14m/uf1Exxf+KlQcYKgeHYIhYT8kOFa2A6AjoQGRJYlByoU5UwzRN CCMs6tmNhSKrYPb/H7ZdJp1D3Lb85qzcuimTI5IsfklHjknDTJNWmRNuFkQp7IM3lxHp1X5815/xktOcXOIfkD5+MbgxCSBw==</latexit>
[0]
<latexit sha1_base64="zLjM5j8Zy6epLJlYt3VN0mpjssc=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+GwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj29/8JIF</latexit><latexit sha1_base64="zLjM5j8Zy6epLJlYt3VN0mpjssc=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+GwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj29/8JIF</latexit><latexit sha1_base64="zLjM5j8Zy6epLJlYt3VN0mpjssc=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+GwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj29/8JIF</latexit><latexit sha1_base64="zLjM5j8Zy6epLJlYt3VN0mpjssc=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pAcKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk6YSGHQdT+dpeWV1bX1ykZ1c2t7Z7e2t98xcao5tHksY90LmQEpFL RRoIReooFFoYRuOLnK/e4DaCNidYfTBIKIjZUYCc7QSre+GwxqdbfhFqCLxCtJnZRoDWpf/WHM0wgUcsmM8T03wSBjGgWXMKv2UwMJ4xM2Bt9SxSIwQVZEndHj1DCMaQKaCkkLEX5vZCwyZhqFdjJieG/mvVz8z/NTHF0EmVBJiqB4fgiFhOKQ4VrYDoAOhQZElicHKhTlTDNE0IIyzq2Y2lKqtg9v/vtF0jlteJbfnNWbl2UzFXJIjsgJ8cg5aZJr0iJtwsmYPJFn8uI8Oq/Om/P+M7rklDsH5A+cj29/8JIF</latexit>
2<latexit sha1_base64="UK0koDnw8zW/mpWG/NfmTE0XxFE=">AAAB83icbVA9TwJBFNzDL8Qv1NJmIzGxInfEREuijSUkgiRwIXvLAzfs7V1235oQwi+w1crO2PqDLPwv 7p1XKDjVZOa9vHkTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD4+6JrGaQ4cnMtG9iBmQQkEHBUropRpYHEm4j6Y3mX//CNqIRN3hLIUwZhMlxoIzdFK7MazW/Lqfg66SoCA1UqA1rH4NRgm3MSjkkhnTD/wUwznTKLiERWVgDaSMT9kE+o4qFoMJ53nQBT2zhmFCU9BUSJqL8HtjzmJjZnHkJmOGD2bZy8T/vL7F8VU4Fyq1CIpnh1BIyA8ZroVrAOhIaEBkWXKg QlHONEMELSjj3InWVVJxfQTL36+SbqMeON6+qDWvi2bK5IScknMSkEvSJLekRTqEEyBP5Jm8eNZ79d6895/RklfsHJM/8D6+ARlxkTs=</latexit><latexit sha1_base64="UK0koDnw8zW/mpWG/NfmTE0XxFE=">AAAB83icbVA9TwJBFNzDL8Qv1NJmIzGxInfEREuijSUkgiRwIXvLAzfs7V1235oQwi+w1crO2PqDLPwv 7p1XKDjVZOa9vHkTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD4+6JrGaQ4cnMtG9iBmQQkEHBUropRpYHEm4j6Y3mX//CNqIRN3hLIUwZhMlxoIzdFK7MazW/Lqfg66SoCA1UqA1rH4NRgm3MSjkkhnTD/wUwznTKLiERWVgDaSMT9kE+o4qFoMJ53nQBT2zhmFCU9BUSJqL8HtjzmJjZnHkJmOGD2bZy8T/vL7F8VU4Fyq1CIpnh1BIyA8ZroVrAOhIaEBkWXKg QlHONEMELSjj3InWVVJxfQTL36+SbqMeON6+qDWvi2bK5IScknMSkEvSJLekRTqEEyBP5Jm8eNZ79d6895/RklfsHJM/8D6+ARlxkTs=</latexit><latexit sha1_base64="UK0koDnw8zW/mpWG/NfmTE0XxFE=">AAAB83icbVA9TwJBFNzDL8Qv1NJmIzGxInfEREuijSUkgiRwIXvLAzfs7V1235oQwi+w1crO2PqDLPwv 7p1XKDjVZOa9vHkTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD4+6JrGaQ4cnMtG9iBmQQkEHBUropRpYHEm4j6Y3mX//CNqIRN3hLIUwZhMlxoIzdFK7MazW/Lqfg66SoCA1UqA1rH4NRgm3MSjkkhnTD/wUwznTKLiERWVgDaSMT9kE+o4qFoMJ53nQBT2zhmFCU9BUSJqL8HtjzmJjZnHkJmOGD2bZy8T/vL7F8VU4Fyq1CIpnh1BIyA8ZroVrAOhIaEBkWXKg QlHONEMELSjj3InWVVJxfQTL36+SbqMeON6+qDWvi2bK5IScknMSkEvSJLekRTqEEyBP5Jm8eNZ79d6895/RklfsHJM/8D6+ARlxkTs=</latexit><latexit sha1_base64="UK0koDnw8zW/mpWG/NfmTE0XxFE=">AAAB83icbVA9TwJBFNzDL8Qv1NJmIzGxInfEREuijSUkgiRwIXvLAzfs7V1235oQwi+w1crO2PqDLPwv 7p1XKDjVZOa9vHkTpVIY9P1Pr7S2vrG5Vd6u7Ozu7R9UD4+6JrGaQ4cnMtG9iBmQQkEHBUropRpYHEm4j6Y3mX//CNqIRN3hLIUwZhMlxoIzdFK7MazW/Lqfg66SoCA1UqA1rH4NRgm3MSjkkhnTD/wUwznTKLiERWVgDaSMT9kE+o4qFoMJ53nQBT2zhmFCU9BUSJqL8HtjzmJjZnHkJmOGD2bZy8T/vL7F8VU4Fyq1CIpnh1BIyA8ZroVrAOhIaEBkWXKg QlHONEMELSjj3InWVVJxfQTL36+SbqMeON6+qDWvi2bK5IScknMSkEvSJLekRTqEEyBP5Jm8eNZ79d6895/RklfsHJM/8D6+ARlxkTs=</latexit>
p+
1
<latexit sha1_base64="5bgS57tECZD4mFN9F72XyZO0VjY=" >AAAB9XicdVBNS0JBFJ1nX2ZfVss2QxIEgcwze9pOatPSKD9AReaNVxuc98HMfYWIP6FtrdpF235Pi/5LoxlU1FkdzrmXe+7xYyUN MvbmpBYWl5ZX0quZtfWNza3s9k7dRIkWUBORinTT5waUDKGGEhU0Yw088BU0/OH51G/cgjYyCq9xFEMn4INQ9qXgaKWr+MjtZnMs7 52w0zKjLF/yWKlctOTYK3uFEnXzbIYcmaPazb63e5FIAghRKG5My2UxdsZcoxQKJpl2YiDmYsgH0LI05AGYzngWdUIPEsMxojFoKhW difB9Y8wDY0aBbycDjjfmtzcV//JaCfbLnbEM4wQhFNNDKBXMDhmhpe0AaE9qQOTT5EBlSAXXHBG0pFwIKya2lIzt4+tp+j+pF/Ku 5ZfFXOVs3kya7JF9ckhcUiIVckGqpEYEGZB78kAenTvnyXl2Xj5HU858Z5f8gPP6Ad1rkkU=</latexit><latexit sha1_base64="5bgS57tECZD4mFN9F72XyZO0VjY=" >AAAB9XicdVBNS0JBFJ1nX2ZfVss2QxIEgcwze9pOatPSKD9AReaNVxuc98HMfYWIP6FtrdpF235Pi/5LoxlU1FkdzrmXe+7xYyUN MvbmpBYWl5ZX0quZtfWNza3s9k7dRIkWUBORinTT5waUDKGGEhU0Yw088BU0/OH51G/cgjYyCq9xFEMn4INQ9qXgaKWr+MjtZnMs7 52w0zKjLF/yWKlctOTYK3uFEnXzbIYcmaPazb63e5FIAghRKG5My2UxdsZcoxQKJpl2YiDmYsgH0LI05AGYzngWdUIPEsMxojFoKhW difB9Y8wDY0aBbycDjjfmtzcV//JaCfbLnbEM4wQhFNNDKBXMDhmhpe0AaE9qQOTT5EBlSAXXHBG0pFwIKya2lIzt4+tp+j+pF/Ku 5ZfFXOVs3kya7JF9ckhcUiIVckGqpEYEGZB78kAenTvnyXl2Xj5HU858Z5f8gPP6Ad1rkkU=</latexit><latexit sha1_base64="5bgS57tECZD4mFN9F72XyZO0VjY=" >AAAB9XicdVBNS0JBFJ1nX2ZfVss2QxIEgcwze9pOatPSKD9AReaNVxuc98HMfYWIP6FtrdpF235Pi/5LoxlU1FkdzrmXe+7xYyUN MvbmpBYWl5ZX0quZtfWNza3s9k7dRIkWUBORinTT5waUDKGGEhU0Yw088BU0/OH51G/cgjYyCq9xFEMn4INQ9qXgaKWr+MjtZnMs7 52w0zKjLF/yWKlctOTYK3uFEnXzbIYcmaPazb63e5FIAghRKG5My2UxdsZcoxQKJpl2YiDmYsgH0LI05AGYzngWdUIPEsMxojFoKhW difB9Y8wDY0aBbycDjjfmtzcV//JaCfbLnbEM4wQhFNNDKBXMDhmhpe0AaE9qQOTT5EBlSAXXHBG0pFwIKya2lIzt4+tp+j+pF/Ku 5ZfFXOVs3kya7JF9ckhcUiIVckGqpEYEGZB78kAenTvnyXl2Xj5HU858Z5f8gPP6Ad1rkkU=</latexit><latexit sha1_base64="5bgS57tECZD4mFN9F72XyZO0VjY=" >AAAB9XicdVBNS0JBFJ1nX2ZfVss2QxIEgcwze9pOatPSKD9AReaNVxuc98HMfYWIP6FtrdpF235Pi/5LoxlU1FkdzrmXe+7xYyUN MvbmpBYWl5ZX0quZtfWNza3s9k7dRIkWUBORinTT5waUDKGGEhU0Yw088BU0/OH51G/cgjYyCq9xFEMn4INQ9qXgaKWr+MjtZnMs7 52w0zKjLF/yWKlctOTYK3uFEnXzbIYcmaPazb63e5FIAghRKG5My2UxdsZcoxQKJpl2YiDmYsgH0LI05AGYzngWdUIPEsMxojFoKhW difB9Y8wDY0aBbycDjjfmtzcV//JaCfbLnbEM4wQhFNNDKBXMDhmhpe0AaE9qQOTT5EBlSAXXHBG0pFwIKya2lIzt4+tp+j+pF/Ku 5ZfFXOVs3kya7JF9ckhcUiIVckGqpEYEGZB78kAenTvnyXl2Xj5HU858Z5f8gPP6Ad1rkkU=</latexit>
⌫
<latexit sha1_base64="TZI3xWUYYcn7OKsbEvMkQY2gQgU=">AAAB9XicbVC7TgMxE PTxDOEVoKSxiJCoojuEBGUEDWUQ5CElUeRzNsGKz3ey16DolE+ghYoO0fI9FPwLvuMKSJhqNLOrnZ0wkcKg7396S8srq2vrpY3y5tb2zm5lb79lYqs5NHksY90JmQEpFDRRoIROooF FoYR2OLnK/PYDaCNidYfTBPoRGysxEpyhk257yg4qVb/m56CLJChIlRRoDCpfvWHMbQQKuWTGdAM/wX7KNAouYVbuWQMJ4xM2hq6jikVg+mkedUaPrWEY0wQ0FZLmIvzeSFlkzDQK3 WTE8N7Me5n4n9e1OLrop0IlFkHx7BAKCfkhw7VwHQAdCg2ILEsOVCjKmWaIoAVlnDvRulLKro9g/vtF0jqtBY7fnFXrl0UzJXJIjsgJCcg5qZNr0iBNwsmYPJFn8uI9eq/em/f+M7 rkFTsH5A+8j28H2JJc</latexit><latexit sha1_base64="TZI3xWUYYcn7OKsbEvMkQY2gQgU=">AAAB9XicbVC7TgMxE PTxDOEVoKSxiJCoojuEBGUEDWUQ5CElUeRzNsGKz3ey16DolE+ghYoO0fI9FPwLvuMKSJhqNLOrnZ0wkcKg7396S8srq2vrpY3y5tb2zm5lb79lYqs5NHksY90JmQEpFDRRoIROooF FoYR2OLnK/PYDaCNidYfTBPoRGysxEpyhk257yg4qVb/m56CLJChIlRRoDCpfvWHMbQQKuWTGdAM/wX7KNAouYVbuWQMJ4xM2hq6jikVg+mkedUaPrWEY0wQ0FZLmIvzeSFlkzDQK3 WTE8N7Me5n4n9e1OLrop0IlFkHx7BAKCfkhw7VwHQAdCg2ILEsOVCjKmWaIoAVlnDvRulLKro9g/vtF0jqtBY7fnFXrl0UzJXJIjsgJCcg5qZNr0iBNwsmYPJFn8uI9eq/em/f+M7 rkFTsH5A+8j28H2JJc</latexit><latexit sha1_base64="TZI3xWUYYcn7OKsbEvMkQY2gQgU=">AAAB9XicbVC7TgMxE PTxDOEVoKSxiJCoojuEBGUEDWUQ5CElUeRzNsGKz3ey16DolE+ghYoO0fI9FPwLvuMKSJhqNLOrnZ0wkcKg7396S8srq2vrpY3y5tb2zm5lb79lYqs5NHksY90JmQEpFDRRoIROooF FoYR2OLnK/PYDaCNidYfTBPoRGysxEpyhk257yg4qVb/m56CLJChIlRRoDCpfvWHMbQQKuWTGdAM/wX7KNAouYVbuWQMJ4xM2hq6jikVg+mkedUaPrWEY0wQ0FZLmIvzeSFlkzDQK3 WTE8N7Me5n4n9e1OLrop0IlFkHx7BAKCfkhw7VwHQAdCg2ILEsOVCjKmWaIoAVlnDvRulLKro9g/vtF0jqtBY7fnFXrl0UzJXJIjsgJCcg5qZNr0iBNwsmYPJFn8uI9eq/em/f+M7 rkFTsH5A+8j28H2JJc</latexit><latexit sha1_base64="TZI3xWUYYcn7OKsbEvMkQY2gQgU=">AAAB9XicbVC7TgMxE PTxDOEVoKSxiJCoojuEBGUEDWUQ5CElUeRzNsGKz3ey16DolE+ghYoO0fI9FPwLvuMKSJhqNLOrnZ0wkcKg7396S8srq2vrpY3y5tb2zm5lb79lYqs5NHksY90JmQEpFDRRoIROooF FoYR2OLnK/PYDaCNidYfTBPoRGysxEpyhk257yg4qVb/m56CLJChIlRRoDCpfvWHMbQQKuWTGdAM/wX7KNAouYVbuWQMJ4xM2hq6jikVg+mkedUaPrWEY0wQ0FZLmIvzeSFlkzDQK3 WTE8N7Me5n4n9e1OLrop0IlFkHx7BAKCfkhw7VwHQAdCg2ILEsOVCjKmWaIoAVlnDvRulLKro9g/vtF0jqtBY7fnFXrl0UzJXJIjsgJCcg5qZNr0iBNwsmYPJFn8uI9eq/em/f+M7 rkFTsH5A+8j28H2JJc</latexit>
⇢ˆ(a)
<latexit sha1_base64="JACyLn3cpTKbTqF1Uyqfob7G5+c=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9bgbOZVqnbdnoOvEmdBqmyBplf56g8ikQQYklBgTM+xY3JT0CSFwlmpnxiMQUxghL2MhhCgcdN58Bk/TQ xQxGPUXCo+F/H3RgqBMdPAzyYDoLFZ9nLxP6+X0PDKTWUYJ4ShyA+RVDg/ZISWWSPIB1IjEeTJkcuQC9BAhFpyECITk6yiUtaHs/z9Kmmf152M311UG9eLZorsmJ2wGnPYJWuwW9 ZkLSZYwp7YM3uxHq1X6816/xktWIudI/YH1sc33PSXLQ==</latexit><latexit sha1_base64="JACyLn3cpTKbTqF1Uyqfob7G5+c=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9bgbOZVqnbdnoOvEmdBqmyBplf56g8ikQQYklBgTM+xY3JT0CSFwlmpnxiMQUxghL2MhhCgcdN58Bk/TQ xQxGPUXCo+F/H3RgqBMdPAzyYDoLFZ9nLxP6+X0PDKTWUYJ4ShyA+RVDg/ZISWWSPIB1IjEeTJkcuQC9BAhFpyECITk6yiUtaHs/z9Kmmf152M311UG9eLZorsmJ2wGnPYJWuwW9 ZkLSZYwp7YM3uxHq1X6816/xktWIudI/YH1sc33PSXLQ==</latexit><latexit sha1_base64="JACyLn3cpTKbTqF1Uyqfob7G5+c=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9bgbOZVqnbdnoOvEmdBqmyBplf56g8ikQQYklBgTM+xY3JT0CSFwlmpnxiMQUxghL2MhhCgcdN58Bk/TQ xQxGPUXCo+F/H3RgqBMdPAzyYDoLFZ9nLxP6+X0PDKTWUYJ4ShyA+RVDg/ZISWWSPIB1IjEeTJkcuQC9BAhFpyECITk6yiUtaHs/z9Kmmf152M311UG9eLZorsmJ2wGnPYJWuwW9 ZkLSZYwp7YM3uxHq1X6816/xktWIudI/YH1sc33PSXLQ==</latexit><latexit sha1_base64="JACyLn3cpTKbTqF1Uyqfob7G5+c=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9bgbOZVqnbdnoOvEmdBqmyBplf56g8ikQQYklBgTM+xY3JT0CSFwlmpnxiMQUxghL2MhhCgcdN58Bk/TQ xQxGPUXCo+F/H3RgqBMdPAzyYDoLFZ9nLxP6+X0PDKTWUYJ4ShyA+RVDg/ZISWWSPIB1IjEeTJkcuQC9BAhFpyECITk6yiUtaHs/z9Kmmf152M311UG9eLZorsmJ2wGnPYJWuwW9 ZkLSZYwp7YM3uxHq1X6816/xktWIudI/YH1sc33PSXLQ==</latexit>
⇢ˆ(b)
<latexit sha1_base64="Jzo477of0PGcAgr0MJzogqRvwxs=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9b8s5lXqdp1ew6+SpwFqbIFml7lqz+IRBJgSEKBMT3HjslNQZMUCmelfmIwBjGBEfYyGkKAxk3nwWf8ND FAEY9Rc6n4XMTfGykExkwDP5sMgMZm2cvF/7xeQsMrN5VhnBCGIj9EUuH8kBFaZo0gH0iNRJAnRy5DLkADEWrJQYhMTLKKSlkfzvL3q6R9XncyfndRbVwvmimyY3bCasxhl6zBbl mTtZhgCXtiz+zFerRerTfr/We0YC12jtgfWB/f3oWXLg==</latexit><latexit sha1_base64="Jzo477of0PGcAgr0MJzogqRvwxs=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9b8s5lXqdp1ew6+SpwFqbIFml7lqz+IRBJgSEKBMT3HjslNQZMUCmelfmIwBjGBEfYyGkKAxk3nwWf8ND FAEY9Rc6n4XMTfGykExkwDP5sMgMZm2cvF/7xeQsMrN5VhnBCGIj9EUuH8kBFaZo0gH0iNRJAnRy5DLkADEWrJQYhMTLKKSlkfzvL3q6R9XncyfndRbVwvmimyY3bCasxhl6zBbl mTtZhgCXtiz+zFerRerTfr/We0YC12jtgfWB/f3oWXLg==</latexit><latexit sha1_base64="Jzo477of0PGcAgr0MJzogqRvwxs=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9b8s5lXqdp1ew6+SpwFqbIFml7lqz+IRBJgSEKBMT3HjslNQZMUCmelfmIwBjGBEfYyGkKAxk3nwWf8ND FAEY9Rc6n4XMTfGykExkwDP5sMgMZm2cvF/7xeQsMrN5VhnBCGIj9EUuH8kBFaZo0gH0iNRJAnRy5DLkADEWrJQYhMTLKKSlkfzvL3q6R9XncyfndRbVwvmimyY3bCasxhl6zBbl mTtZhgCXtiz+zFerRerTfr/We0YC12jtgfWB/f3oWXLg==</latexit><latexit sha1_base64="Jzo477of0PGcAgr0MJzogqRvwxs=">AAACA3icbVC7TsNA EDyHVwiPBChpTkRIoYlshARlBA1lkMhDSixrfdkkp5wfulsjRVZKvoIWKjpEy4dQ8C/YIQUkTDWa2dXOjh8raci2P63C2vrG5lZxu7Szu7dfrhwctk2UaIEtEalId30wqGSILZK ksBtrhMBX2PEnN7nfeUBtZBTe0zRGN4BRKIdSAGWSVyn3x0C8r8eRl9b8s5lXqdp1ew6+SpwFqbIFml7lqz+IRBJgSEKBMT3HjslNQZMUCmelfmIwBjGBEfYyGkKAxk3nwWf8ND FAEY9Rc6n4XMTfGykExkwDP5sMgMZm2cvF/7xeQsMrN5VhnBCGIj9EUuH8kBFaZo0gH0iNRJAnRy5DLkADEWrJQYhMTLKKSlkfzvL3q6R9XncyfndRbVwvmimyY3bCasxhl6zBbl mTtZhgCXtiz+zFerRerTfr/We0YC12jtgfWB/f3oWXLg==</latexit>
⇢ˆ(`=5)
<latexit sha1_base64="rudQBGLIbm8an7iZenQFA6bskdU=">AAACCHicbVDLSgNB EJz1GeNrfdy8DAYhXsKuKHoRgl48RjAPyIbQO+kkQ2YfzPQKcckP+BVe9eRNvPoXHvwXNzEHTaxTUdVNV5cfK2nIcT6thcWl5ZXV3Fp+fWNza9ve2a2ZKNECqyJSkW74YFDJEKs kSWEj1giBr7DuD67Hfv0etZFReEfDGFsB9ELZlQIok9r2vtcH4p7uR+206KFSl2fHo7ZdcErOBHyeuFNSYFNU2vaX14lEEmBIQoExTdeJqZWCJikUjvJeYjAGMYAeNjMaQoCmlU 7Sj/hRYoAiHqPmUvGJiL83UgiMGQZ+NhkA9c2sNxb/85oJdS9aqQzjhDAU40MkFU4OGaFlVgvyjtRIBOPkyGXIBWggQi05CJGJSdZTPuvDnf1+ntROSm7Gb08L5atpMzl2wA5Zkb nsnJXZDauwKhPsgT2xZ/ZiPVqv1pv1/jO6YE139tgfWB/fTfmZCQ==</latexit><latexit sha1_base64="rudQBGLIbm8an7iZenQFA6bskdU=">AAACCHicbVDLSgNB EJz1GeNrfdy8DAYhXsKuKHoRgl48RjAPyIbQO+kkQ2YfzPQKcckP+BVe9eRNvPoXHvwXNzEHTaxTUdVNV5cfK2nIcT6thcWl5ZXV3Fp+fWNza9ve2a2ZKNECqyJSkW74YFDJEKs kSWEj1giBr7DuD67Hfv0etZFReEfDGFsB9ELZlQIok9r2vtcH4p7uR+206KFSl2fHo7ZdcErOBHyeuFNSYFNU2vaX14lEEmBIQoExTdeJqZWCJikUjvJeYjAGMYAeNjMaQoCmlU 7Sj/hRYoAiHqPmUvGJiL83UgiMGQZ+NhkA9c2sNxb/85oJdS9aqQzjhDAU40MkFU4OGaFlVgvyjtRIBOPkyGXIBWggQi05CJGJSdZTPuvDnf1+ntROSm7Gb08L5atpMzl2wA5Zkb nsnJXZDauwKhPsgT2xZ/ZiPVqv1pv1/jO6YE139tgfWB/fTfmZCQ==</latexit><latexit sha1_base64="rudQBGLIbm8an7iZenQFA6bskdU=">AAACCHicbVDLSgNB EJz1GeNrfdy8DAYhXsKuKHoRgl48RjAPyIbQO+kkQ2YfzPQKcckP+BVe9eRNvPoXHvwXNzEHTaxTUdVNV5cfK2nIcT6thcWl5ZXV3Fp+fWNza9ve2a2ZKNECqyJSkW74YFDJEKs kSWEj1giBr7DuD67Hfv0etZFReEfDGFsB9ELZlQIok9r2vtcH4p7uR+206KFSl2fHo7ZdcErOBHyeuFNSYFNU2vaX14lEEmBIQoExTdeJqZWCJikUjvJeYjAGMYAeNjMaQoCmlU 7Sj/hRYoAiHqPmUvGJiL83UgiMGQZ+NhkA9c2sNxb/85oJdS9aqQzjhDAU40MkFU4OGaFlVgvyjtRIBOPkyGXIBWggQi05CJGJSdZTPuvDnf1+ntROSm7Gb08L5atpMzl2wA5Zkb nsnJXZDauwKhPsgT2xZ/ZiPVqv1pv1/jO6YE139tgfWB/fTfmZCQ==</latexit><latexit sha1_base64="rudQBGLIbm8an7iZenQFA6bskdU=">AAACCHicbVDLSgNB EJz1GeNrfdy8DAYhXsKuKHoRgl48RjAPyIbQO+kkQ2YfzPQKcckP+BVe9eRNvPoXHvwXNzEHTaxTUdVNV5cfK2nIcT6thcWl5ZXV3Fp+fWNza9ve2a2ZKNECqyJSkW74YFDJEKs kSWEj1giBr7DuD67Hfv0etZFReEfDGFsB9ELZlQIok9r2vtcH4p7uR+206KFSl2fHo7ZdcErOBHyeuFNSYFNU2vaX14lEEmBIQoExTdeJqZWCJikUjvJeYjAGMYAeNjMaQoCmlU 7Sj/hRYoAiHqPmUvGJiL83UgiMGQZ+NhkA9c2sNxb/85oJdS9aqQzjhDAU40MkFU4OGaFlVgvyjtRIBOPkyGXIBWggQi05CJGJSdZTPuvDnf1+ntROSm7Gb08L5atpMzl2wA5Zkb nsnJXZDauwKhPsgT2xZ/ZiPVqv1pv1/jO6YE139tgfWB/fTfmZCQ==</latexit>
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Figure 5: Pictorial representation of the construction of the reduced density matrix for the
partition (ii) of length `pm = (2p − 1)2m + 1. The green circles represent the basis of the
reduced density matrix, while the blue squares are the elements over which the trace has been
performed. The label [k] inside the green circles indicates that we refer to the k-th effective
spin |±〉[k]. (Top) General rules: (a) trace away 2ν sites, (b) trace away the (m − 1)-th
effective spin on the right, and (c) trace out the remaining 2m − 1 physical sites from the last
effective spin on the right. (Bottom) Example for ` = 5 (the value of L is irrelevant) discussed
in the main text.
increase the size of the reduced density matrix because all involved effective spins
have been already broken before. ρˆ(c) is the desired 2p+1 × 2p+1 density matrix in
the basis |±〉[m+p−1]1 ⊗ |±〉[m+p−2]3 ⊗ · · · ⊗ |±〉[m]2p−1 ⊗ |±〉[0]`pm .
These three rules are pictorially summarised in Fig. 5.
As an example, let us consider the case p = 1 and m = 2, i.e. an interval of length
` = 5 (in a chain of arbitrary size L): `− 1 = 4→ . . . 0100, see also Fig. 5 (bottom).
(a) Compute first the 2× 2 reduced density matrix of the first spin at level p+m = 3,
i.e. ρˆ(a) = a2 |+〉〈+|[3]1 + b2|−〉〈−|[3]1 . (b) Trace away the rightmost effective block-spin
at level one. This yields the 4× 4 matrix ρˆ(b), in the basis |±〉[2]1 ⊗ |±〉[1]3 . (c) Trace
out the sixth physical spin from the block spin at level one. Hence ρˆ`=5 is then a 4× 4
matrix in the basis |±〉[2]1 ⊗ |±〉[0]5 .
Step (a) has been already discussed in Sec. 3.1. For the ground state (17), Eqs.
(21-22) evaluated at k = ν read
ρˆ(a) = c
+
ν |+〉〈+|[p+m]1 + d+ν |−〉〈−|[p+m]1 , (29)
where c±ν are given in Eq. (24). The reduced density matrix is a 2× 2 matrix in the
basis of the effective spin at level n− ν = p+m.
Now we perform step (b) and construct ρˆ(b). We trace away the rightmost (m−1)-
th effective spins from the reduced density matrix in Eq. (29). Since the partial trace
occurs at level m, it leaves untouched all the p effective spins on the left. The trace of
Entanglement entropy of the long-range Dyson hierarchical model 13
the (m− 1)-th right effective spin from the m-th yields
ρˆ
[0]
0 ≡ trm−1 |+〉〈+|[m]1 =
(
a2 0
0 b2
)
, ρˆ
[0]
1 ≡ trm−1 |−〉〈−|[m]1 =
1
2
(
1 0
0 1
)
,
ρˆ
[0]
2 ≡ trm−1 |+〉〈−|[m]1 =
1√
2
(
0 a
b 0
)
, ρˆ
[0]
3 ≡ trm−1 |−〉〈+|[m]1 =
(
ρˆ
[0]
2
)T
. (30)
Let us now define for convenience the following matrices for a generic p
ρˆ
[p]
0 ≡ trm−1 |+〉〈+|[p+m]1 , ρˆ[p]1 ≡ trm−1 |−〉〈−|[p+m]1 ,
ρˆ
[p]
2 ≡ trm−1 |+〉〈−|[p+m]1 , ρˆ[p]3 ≡ trm−1 |−〉〈+|[p+m]1 . (31)
They are obtained recursively as
ρˆ
[p]
0 = a
2
(
1 0
0 0
)
⊗ ρˆ[p−1]0 + b2
(
0 0
0 1
)
⊗ ρˆ[p−1]1 + a b
(
0 1
0 0
)
⊗ ρˆ[p−1]2 + h.c. ,
ρˆ
[p]
1 =
1
2
(
1 0
0 0
)
⊗ ρˆ[p−1]1 +
1
2
(
0 0
0 1
)
⊗ ρˆ[p−1]0 +
1
2
(
0 1
0 0
)
⊗ ρˆ[p−1]3 + h.c. , (32)
ρˆ
[p]
2 = ρˆ
[p]T
3 =
a√
2
(
1 0
0 0
)
⊗ ρˆ[p−1]2 +
a√
2
(
0 1
0 0
)
⊗ ρˆ[p−1]0 +
b√
2
(
0 0
0 1
)
⊗ ρˆ[p−1]3
+
b√
2
(
0 0
1 0
)
⊗ ρˆ[p−1]1 ,
with the initial conditions given by Eq. (30). At the end of the recursive construction,
the reduced density matrix is a 2p+1× 2p+1 block-diagonal matrix with symmetric and
anti-symmetric components
ρˆ(b) = ρˆlp1 = c
+
ν ρˆ
[p]
0 + d
+
ν ρˆ
[p]
1 =
(
ρˆ
[p]
S 0
0 ρˆ
[p]
A
)
, (33)
as it follows from the fact that the Hamiltonian (4) is block-diagonal. The ρˆ[p]S/A are
2p × 2p matrices given directly in terms of Eqs. (24-32).
We are ready for the final step (c). The reduced density matrix ρˆ(c) is obtained by
tracing away the remaining 2m− 1 physical spins from (33). This is achieved by means
of the procedure (i) applied to the m-th effective spin |±〉[m]2p+1−1. The final reduced
density matrix then reads
ρˆ(c) = c
+
ν ρˆ
[p,m]
0 + d
+
ν ρˆ
[p,m]
1 , (34)
where ρˆ[p,m]i are given by the recurrence relations (32) with initial conditions given by
ρˆ
[0,m]
i = τˆ
[m]
i in Eq. (22).
At this point, we have a general recursive form for the reduced density matrix
whose elements can be easily constructed. We diagonalise the reduced density matrix
(34) to yield the entanglement entropy. The results of this procedure are shown in
Fig. 6 for various values of σ. We plot the entanglement entropy as function of ` for
several values of p and m (as we stressed, the value of L does not matter at the fixed
point). For fixed p, SA initially grows with m up to a saturation value depending on p.
The same trend holds when p is varied at fixed m. The scaling with ` approaching
its asymptotic value depends on σ. In fact, for small σ the entanglement entropy
Entanglement entropy of the long-range Dyson hierarchical model 14
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Figure 17: p entanglement entropies for different sigmas.
30
Figure 6: Fixed-point entanglement entropy for the partition (ii). Each curve in the plot
corresponds to a fixed value of p: `pm is changed varying m. Different curves refers to
increasing values of p = 1, . . . , 9. The dotted black lines correspond to p = 1.
initially grows quickly and saturates after a given `∗(σ). This saturation value `∗(σ)
increases as σ gets larger. Conversely, at large σ, we observe a very small growth,
roughly compatible with a logarithmic behaviour that persists for many decades (more
than 15) before saturation. We will get an analytic understanding of this behaviour
from the expansion at large σ. For fixed ` and L, the dependence of the entanglement
entropy on σ is very similar to the one in Fig. 3: starting from zero, it grows with σ
up to a maximum and then decreases.
3.2.1 Some analytical expansions. We derive an analytical expression of the
entanglement entropy in the case p = 1, which corresponds to an interval of length
`m = 2
m + 1. In this case, the reduced density matrix is just a 4× 4 density matrix
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4.4 Exact entanglement entropies
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Figure 10: (Top) Exact entanglement entropy of l = L/2k for different values of  . We compare the Exact result of Eq.(23)
and the values that one gets from brute recursion, see Eq.(37). Perfect agreement!
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4.4.1 Big Sigma
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Figure 11: Comparison between the recursive computation for `!1 and the exact asymptotic Ssat = 2 ln 2 K 2.
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Figure 12: En anglement entropy from the recursive expressions, compared with the exact results for l = 2m + 1: p = 1.
Remember that the approximation is valid for m ⌧ m⇤ = 2 (K2c + 4), which in the fist case is m⇤ = 16 and in the second
m⇤ = 1024.
Early times
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Figure 13: Comparison between the recursive computation for `!1 and the exact asymptotic Ssat = 2 ln 2 K 2.
Asymptotic value
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Figure 7: Entanglement entropy at the critical point for the partition (ii) with `m = 2m + 1.
We compare the asymptotic expressions with the entanglement entropy obtained from the
recursion relations (34). (Left) For σ  1, the entanglement saturates quickly to a constant
value in Eq. (35). (Center) For σ  1 and for m K2, tit grows logarithmically with `m as
in Eq. (36). (Left) For σ  1 and for m K2, it saturates to (37).
in the basis |±〉[m]1 ⊗ |±〉[0]`m , whose elements are determined recursively via Eq. (34).
These elements are easily worked out analytically and so are their expansion for σ  1
and σ  1. See Appendix A.2 for the derivation and the details.
For σ  1, the critical coupling K → 0, the expansion of the matrix elements (34)
at order O(K3) provides the following asymptotic expression for large `m
S`m =
K2
4
(
1 + ln
8
K2
)
−K
2
16
1
`m − 1
(
ln
8
K2
+
1
4
[log2(`m − 1) + 2]2
)
+O(K3) .
(35)
Here we first take the limit of small K and only after large `: the two limits do
not commute. The entanglement entropy saturates for large ` to a constant value
proportional to K2 lnK. On the left panels of Fig. 7, we compare the entanglement
entropy in Eq. (35) with the one from the recurrence relations (34), finding a perfect
match of the results.
In the opposite limit σ  1, i.e. for critical coupling K →∞, we find two different
regimes for large `m. At fixed `m, for K−1  `m  2K2 , the entanglement entropy
has the following asymptotic expansion
S`m = ln 2 +
log2(`m − 1)
4K2
{
1− ln
[ log2(`m − 1)
4K2
]}
+O (K−3, (log2 `m)2K−4) . (36)
In this regime, the entanglement entropy grows logarithmically with the length of the
interval, but with a very small prefactor proportional to K−2, as it was clear already
from the data in Fig. 6. This prediction is checked against the exact data from the
recurrence relations in Fig. 7 (right panels), finding perfect agreement. Furthermore,
the results in Fig. 6 for σ  1 show that the same logarithmic growth, numerically with
the same prefactor, appears for all other lengths with p 6= 1, although we do not have
an analytic handle on them. It is worth mentioning that this behaviour is reminiscent
of the standard one for critical short-range systems [66]. However, the right panels of
Fig. 7, show also that the exact data start deviating from this logarithmic scaling for
`m ∼ 2K2 . Indeed, at this value of `m, saturation toward the asymptotic value starts
taking place and Eq. (36) fails: in other words the limits K →∞ and m→∞ do not
commute. In turn, when `m  2K2 , the entanglement entropy saturates to
Ssat = 2 ln 2− 1
K2
+O(K−3) . (37)
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Figure 8: Entanglement entropy S` with the subsystem length ` at the critical point with the
partition (iii). (Left) Results for σ = 0.1, 0.5, 1. (Right) σ = 2, 4, 8. For σ  1, Sl ∼ ln ` as
for the partition (ii), as in Fig. 7.
3.3 Entanglement entropy for the partition (iii)
We now consider the partition (iii) as in Fig. 2 (bottom). This partition cuts n effective
spins, giving rise to a L× L reduced density matrix. The ground-state density matrix
can be written as a function of the (n− 1)-th effective spins as in Eq. (18)
ρˆGS = a
2 |+〉〈+|[n−1]1 ⊗ |+〉〈+|[n−1]2 + b2 |−〉〈−|[n−1]1 ⊗ |−〉〈−|[n−1]2
+ ab |+〉〈−|[n−1]1 ⊗ |+〉〈−|[n−1]2 + ab |−〉〈+|[n−1]1 ⊗ |−〉〈+|[n−1]2 , (38)
where the coefficients a, b are given by Eq. (12) We trace away the sub-system A and
write the density matrix in the basis represented pictorially by the green circles in Fig.
2 (bottom-right). This trace over A is relatively simple, because it can be performed
separately on the first and on the second (n− 1)-th effective spin, see Fig. 2. On the
left, the partial trace is equivalent to the procedure (i) applied to |±〉〈±|[n−1]1 . It results
in the 2× 2 matrices τˆ [n−1]i defined in Eq. (21) in the basis |±〉[0]1 of the first physical
spin. On the second block spin, the result obtained from the trace corresponds to Eq.
(32) with p = n− 2 in the basis of |±〉[0]2n−1+2 ⊗ |±〉
[1]
2n−2+2 ⊗ . . . |±〉
[n−2]
4 . Accordingly,
the reduced density matrix is
ρˆA = a
2 τˆ
[n−1]
0 ⊗ρˆ[n−2]0 +b2 τˆ [n−1]1 ⊗ρˆ[n−2]1 +ab τˆ [n−1]2 ⊗ρˆ[n−2]2 +ab τˆ [n−1]3 ⊗ρˆ[n−2]3 . (39)
The resulting entanglement entropy reported in Fig. 8 as a function of ` = L/2
has the same qualitative behaviour of the partition (ii): it initially grows with the
system size and then saturates to a finite value.
For large σ we can make also a more quantitive comparison. We focus on the
partition (ii) with m = 1 and p = n− 2 in (34), i.e. ` = L/2− 1 which is the choice
that scales more similar to the partition of length ` = L/2 considered in this subsection.
These two entanglement entropy are compared in Fig. 9. We have analytic result for
partition (ii) only for p = 1 and in the regime K−1  ` 2K2 , when
S` = ln 2 + f(`) . (40)
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4.11 Comparison between the shifted partition and the pm one
0.006
0.007
0.008
0.009
0.01
0.011
0.012
0.013
200 400 600 800 1000
S
`
`
  = 0.1
Partition (ii)
(iii)
0.1
0.12
0.14
0.16
0.18
0.2
0.22
200 400 600 800 1000
S
`
`
  = 0.5
Partition (ii)
(iii)
0.3
0.35
0.4
0.45
0.5
0.55
0.6
0.65
200 400 600 800 1000
S
`
`
  = 1
Partition (ii)
(iii)
0.6
0.7
0.8
0.9
1
1.1
1.2
1.3
1.4
200 400 600 800 1000
S
`
`
  = 2
Partition (ii)
(iii)
0.7
0.75
0.8
0.85
0.9
0.95
1
1.05
10 100 1000
S
`
`
  = 4
Partition (ii)
(iii)
ln 2 + f(l)
ln 2 + 2f(l)
0.693
0.6935
0.694
0.6945
0.695
0.6955
0.696
0.6965
10 100 1000
S
`
`
  = 8
Partition (ii)
(iii)
ln 2 + f(l)
ln 2 + 2f(l)
Figure 20: Comparison between the entanglement spectrum obtained with partition (ii) and partition (iii). Partition (ii) is
obtained fixing m = 1 and p = n  2; this gives: ` = L/2  1, while partition (iii) is always L/2.
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Figure 20: Comparison between the entanglement spectrum obtained with partition (ii) and partition (iii). Partition (ii) is
obtained fixing m = 1 and p = n  2; this gives: ` = L/2  1, while partition (iii) is always L/2.
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Figure 9: Comparison betwee the entangle ent e tropy S` for the p rtitions (ii) and (iii),
r spectively of length ` = L/2− 1 and ` = L/2, at the cri ical point for σ  1. (Left) σ = 4.
(Right) σ = 8. The full lines are the entanglement entropies obtained from the recursive
density matrices (34) for ` = L/2− 1 (m = 1, p = n− 2) and (39) for ` = L/2. The dashed
lines are Eq. (40).
with f(y + 1) = (1/4K2 ln 2) ln y
[
1− ln(ln y/4K2 ln 2)]). We have noticed in Fig. 6
that the same growth with f(`) is approximately valid for all values of p, and indeed
also in Fig. 9 the data for m = 1 and p = n − 2 are well described by Eq. (40).
For partition (iii), the same form describes very well the data, just multiplying f(`)
by 2. This factor is likely related to the number of boundaries in the partitions, in
analogy to what happens for systems with short-range interaction, also at the critical
point [66,68].
3.4 Finite rank reduced density matrix.
We show now by a very elementary argument that the rank of the reduced density
matrix is finite. We focus here on the partition (iii), but the same reasoning applies to
the partition (ii) and also others that we did not consider. At criticality the reduced
density matrix of partition (iii) can always be written from Eq. (39) as
ρˆA =
3∑
i=0
ci τˆ
[n−1]
i ⊗ ρˆ[n−2]i , (41)
where ~c = (a2, b2, ab, ab), τˆ [n−1]i are 2 × 2 matrices, whose coefficients have been
determined exactly (cf. Eqs. (22-24)), and ρˆ[n]i are defined recursively in Eq. (32). The
structure of ρˆ[n]i is such that for all n
Rank
[
ρ
[n]
i
]
= 2 . (42)
From the sub-additivity of the rank it follows that Rank[ρˆA] ≤ 16. For partition (iii)
this bound can be improved to Rank[ρˆA] = 8, but for other partitions is tight. In
Appendix A.3, we provide a proof of Eq. (42) based on linear algebra. An analogous
proof might be obtained using tensor networks.
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4.11 Spectrum of the entanglement entropy
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Figure 20: Comparison between the entanglement spectrum obtained with ED and the recursive projection. Evidently the
recursive projection is cutting away many important DOF :( Anyway for   >  ⇤ the spectrum becomes doubly degenerate,
maybe hinting at a SPT?
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Figure 2 : Comparison between the entanglement spectrum obtained with ED and the recursive projection. Evidently the
recursive projection is cutting away many important DOF :( Anyway for   >  ⇤ the spectrum becomes doubly deg n rate,
maybe hinting at a SPT?
37
4.12 Spectrum of the entanglement entropy
10 16
10 14
10 12
10 10
10 8
10 6
10 4
10 2
100
0 4 16
 
i
  = 0.1
Recursive
ED
S/S 4 · 10 7
10 16
10 14
10 12
10 10
10 8
10 6
10 4
10 2
100
0 5 10 15 20 25
 
i
i
  = 0.5
Recursive
E
 S/S 2 · 10 5
L = 16
10 16
10 14
10 12
10 10
10 8
10 6
10 4
10 2
100
0 5 10 15 20 25 30
 
i
i
rsi e
/ 3 · 10 5
L = 16
10 16
10 14
10 12
10 10
10 8
10 6
10 4
10 2
100
0 5 10 15 20 25 30
 
i
i
  = 4
Recursive
E
 S/S 3 · 10 5
L = 16
Figure 22: Comparison between the entanglement spectrum obtained with ED and the recursive projection. Evidently the
recursive projection is cutting away many important DOF :( Anyway for   >  ⇤ the spectrum becomes doubly degenerate,
maybe hinting at a SPT?
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Figure 10: Comparison betw n the entanglement spectrum {λi} obtain d by exact
diagonalisation and the recursive rojection for the partition (iii). The data are for L = 16.
The agreement for the largest eigenvalues is excellent, although the fixed-point RG reduced
density matrix has Rank[ρˆA] = 8 and cannot capture the small one. The relative difference
between the exact and RG entanglement entropy is at most of order ∆S/S ≤ 10−5.
The real-space RG procedure projects the ground state onto a finite entanglement
state. In Fig. 10, we compare the spectrum of the reduced density matrix -aka the
entanglement spectrum- of the fixed-point RG ground state (42) to the one computed
from the ground state of from exact diagonalisation. In the RG procedure, we have
only eight non-zero eigenvalues. These match extremely well the largest eigenvalues of
the exact reduced density matrix. Consequently, the relative difference between the
exact entanglement entropy and the one computed with eight eigenvalues is small for
all values of σ and it is at most of order ∆S/S ≤ 10−5. This suggests that the portion
of the entanglement spectrum not captured by the RG procedure is irrelevant for the
exact entanglement entropy in the thermodynamic limit.
3.5 Power-law decaying correlation functions.
The most striking and surprising aspect of our result is that we have an area law state
which supposedly capture power-law correlation functions. This fact is against many
common beliefs in the literature. Such peculiar behaviour is due to the hierarchical
structure of the ground state and, a fortiori, to the lack of translational invariance. Yet,
one can be very suspicious whether this is really possible. For this reason, from the
finite rank reduced density matrix in Eq. (41) we reconstruct the two-point correlation
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4.11 Correlation function
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Figure 20: (Top) Fitted correlation functions. The result for the critical exponent from the RG flow are: x0.25 = 0.4389, x0.5 =
0.3809 , x1.5 = 0.188. (Bottom) comparison with ED
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Figure 11: Power-law decay of the correlation function for the RG ground state at the critical
point. C(r) ∼ r−2xσ decays with the critical exponent xσ predicted by RG (20). In the plot,
we show C(r) as calculated with the recursive reduced density matrix of the partition (iii)
and we compare it with the RG algebraic decay (20).
function
C(r) ≡ 〈σˆxL
2 +1
σˆxL
2 +1+r
〉 = Tr
[
ρˆL
2
σˆxL
2 +1
σˆxL
2 +1+r
]
, (43)
that at the critical point should scale as C(r) ∼ r−2 xσ , with exponent given in Eq. (20).
We test this behaviour numerically on the fixed-point reduced density matrix obtained
recursively. The i-th physical spin is equally correlated with all the physical spins
belonging to the same block and hence, we evaluate the correlation function between
effective spins at distance r = 2k, being the reduced density matrix (41) written in the
basis of the k-th effective spins. The resulting correlation function is reported in Fig.
11 and displays the expected power-law decay with exponent xσ predicted analytically
by RG (20).
4 Conclusions and perspectives
In this paper, we presented a detailed RG analysis of the ground-state entanglement
entropy of a spin-block in the quantum Dyson hierarchical model. Our main goal was
to get an analytical insight on the entanglement of long-range interacting spin systems
beyond mean-field approximation. We found, surprisingly, that entanglement entropy
obeys the area law also at criticality when correlation functions decay algebraically.
This peculiar behaviour is due to the particular simple structure of the RG ground state:
it is a tree tensor network with finite bond dimension and hence it has a finite-rank
reduced density matrix. We must mention that unusual scalings of the entanglement
in critical (but non conformal) ground states have been already observed in other
models [19, 20,96–98], and so our results represent yet another example of anomalous
scaling in the absence of conformal invariance. Although it is unlikely that the true
long-range ferromagnetic Ising model obeys the area law at criticality, it is desirable to
check this expectation from direct numerical simulations.
Because of its simplicity, the Dyson hierarchical Hamiltonian is an interesting
playground to explore also other entanglement properties of long-range interacting spin
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chains. For example, it would be worthy to characterise better the simple structure of
this RG state as a tree tensor network, since it undergoes a quantum phase transition
with finite entanglement, as those introduced in [99]. It would be interesting also
to study the entanglement entropy and negativity between two disjoint blocks (as
in [100,101] for short range critical systems) to investigate whether there is some form of
long distance entanglement. Finally, the RG approach also gives access to the low-lying
excited states and consequently to their entanglement. In the short-range models,
the entanglement of low-lying states captures many interesting physical features (see,
e.g., [102]) and it is natural to wonder whether the same is true for long-range systems.
Finally, questions about the real-time dynamics of long-range systems can in
principle be addressed using this model. In particular, in mean-field long-range
systems, the entanglement entropy after a quench grows logarithmically with time [54],
rather than linearly (i.e. ballistically) as for short-range Hamiltonians [103–107]. A
number of studies, e.g. [52,53], have reported numerical evidence of a sub-linear growth
also in one spatial dimension. Hence, this model appears as the suitable setup to
explore the entanglement entropy dynamics with non-equilibrium techniques such as
strong disorder RG [108–111].
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Appendix A Details of calculations
In this appendix we report the explicit calculations of some results presented in the
main text. In Appendix A.1 we derive the recursive structure of the reduced density
matrix for the interval `k = 2n−k (22) in partition (i). In Appendix A.2, we derive the
asymptotic expansions of the entanglement entropy for ` = 2m + 1 in Eqs. (35) and
(36). In Appendix A.3 we show the finiteness of the rank of the reduced density matrix
(cf. Eq. (42)) by linear algebra methods.
Appendix A.1 Recurrence relations for the reduced density matrix in partition (i).
Here we derive explicitly the recurrence relations in Eqs. (22) and (23). We first
compute the reduced density matrix of half-system in the ground state |+〉〈+|[n] (cf.
Eq. (11))
ρˆL/2 ≡ trB |+〉〈+|[n] = τˆ [1]0 = a2n−1 |+〉〈+|[n−1]1 + b2n−1 |−〉〈−|[n−1]1 , (A.1)
where τˆ [k]0 is defined in Eq. (21) and |±〉[n−1]1 is the basis of the first effective spin at
level n− 1. The reduced density matrix for `2 = L/4 is obtained first by rewriting τˆ [1]0
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in terms of the effective spins at the level n− 2 as
τˆ
[1]
0 = c1|+〉〈+|[n−1]1 + d1|−〉〈−|[n−1]1
= c1
(
an−2|+ + 〉[n−2]1 + bn−1| − − 〉[n−2]1
)(
an−2〈+ + |[n−2]1 + bn−2〈− − |[n−2]1
)
+
1
2
d1
(
|+ + 〉[n−2]1 + | − − 〉[n−2]1
)(
〈+ + |[n−2]1 + 〈− − |[n−2]1
)
,
and then tracing out the second spin at level n− 2, obtaining
ρˆL/4 = τˆ
[2]
0 =
(
c1a
2
n−2 +
1
2
d1
)
|+〉〈+|[n−2]1 +
(
c1b
2
n−2 +
1
2
d1
)
|−〉〈−|[n−2]1 , (A.2)
which is Eq. (22) with k = 2. Iterating this procedure, one easily gets the recurrence
relation for ρˆL/2k . At the critical point the coefficients in Eq. (12) are constant for all
k. All the recursion relations simplify and admit as solution Eq. (24).
Appendix A.2 Asymptotic expansions of the entanglement entropy for partition (ii)
Here we work out the asymptotic expressions of the entanglement entropy for
`m = 2
m + 1 in Eqs. (35-36) in the limits σ  1 and σ  1. In this case the
reduced density matrix (34) for p = 1, i.e.
ρˆ`m = c
+
ν ρˆ
[1,m]
0 + d
+
ν ρˆ
[1,m]
1 , (A.3)
is a 4×4 block-diagonal matrix in the basis |±〉[m]1 ⊗|±〉[0]`m , which makes all calculations
straightforward. This equation can be solved using the recurrence relations (30) with
the initial conditions (24), obtaining
ρˆ`m =
(
ρˆsν,m 0
0 ρˆaν,m
)
, (A.4)
with ρˆs/aν,m block matrices of the form
ρˆs/aν,m =
(
A
s/a
ν,m C
s/a
ν,m
C
s/a
ν,m B
s/a
ν,m
)
=
(
A
s/a
ν +D
s/a
ν e−αm C+ν e
−βm ± C−ν e−γm
C+ν e
−βm ± C−ν e−γm Bs/aν + Es/aν e−αm
)
, (A.5)
where As/aν , · · ·Es/aν are read from Eqs. (24) and (34). We take now the limit n→∞
and, since ν = n− p−m, the elements c+ν , d+ν are constant and given by the limit for
k →∞ of Eq. (24). Defining ξ ≡ √K2 + 4, the coefficients in (A.5) are
As =
ξ2
4(ξ − 1)2 , A
a = Ba =
ξ2(1 +K2)− 2ξ
4(ξ2 − 1)2 , B
s =
(ξ − 2)2
4(ξ − 1)2 , (A.6a)
Ds = Es =
K2
4(ξ2(1 +K2) + 2ξ)
, Da = Ea = −Ds , (A.6b)
C± =
√
ξ2 − 2ξ ±
√
ξ2 + 2ξ ∓ 2√1 + 2ξ
8(ξ − 1) . (A.6c)
The reduced density matrix can be diagonalised and from its four eigenvalues {λi},
the entanglement entropy SA = −
∑4
i=1 λi lnλi is obtained as a function of K. In the
limits σ  1 and σ  1, we derive the asymptotic expression of S`m in Eqs. (35-36).
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Asymptotic result for σ  1. We consider the limit σ  1, equivalent to K → 0,
see Eq. (15). At order O(K3) the matrix elements (A.5) read
Asm = 1−
K2
4
+
K2
32
1
2m
+O(K3), Bsm =
K2
32
1
2m
+O(K4), (A.7a)
Csm =
K
16
√
2
1
2m/2
+O(K3), Cam =
K2
32
√
2
(m+ 2)
2m/2
+O(K3). (A.7b)
Aam = B
a
m =
K2
8
− K
2
32
1
2m
+O(K3). (A.7c)
With these elements, the eigenvalues of the symmetric and anti-symmetric matrices
(A.5) are
λ1 = O(K3) , (A.8)
λ2 = 1− K
2
4
(
1− 2−(m+2)
)
+O(K3) ,
λ3,4 =
K2
8
(
1− 2−(m+2) ± 2(m+3)/2(m+ 2)
)
+O(K3),
hence the asymptotic entanglement entropy as a function of m reads
S`m =
K2
4
(
1− ln K
2
8
)
+
K2
16
1
2m
(
ln
K2
8
− (m+ 2)
2
4
)
+O(K3) , (A.9)
that, as function of 2m = `m − 1, is the same as Eq. (35).
Asymptotic result for σ  1. Here we consider the limit σ  1, i.e. for K →∞,
and we expand the matrix elements (A.5) at O(K−3). The saturation value is obtained
for αm, βm, γ m 1, corresponding to have only diagonal terms in Eq. (A.5) given
by
As =
1
4
+
1
2K
+
3
4K2
+O(K−3) , (A.10a)
Bs =
1
4
− 1
2K
− 1
4K2
+O(K−3) , (A.10b)
Aa = Ba =
1
4
− 1
4K2
+O(K−3) , (A.10c)
leading to the following saturation entanglement entropy
Ssat = 2 ln 2− 1
K2
+O(K−3) . (A.11)
The preasymptotic regime, is obtained by taking the limit K →∞ at fixed m. In
this limit
α = 2 lnK+
4
K2
+O(K−3), β = 1
2K2
+O(K−3), γ = lnK+ 3
2K2
+O(K−3),
(A.12)
and the exponent β → 0, so that we cannot neglect the non-diagonal parts of Eq.
(A.5). Thus, there is another regime in which m α−1, γ−1 but with βm 1, i.e., in
terms of K, (lnK)−1  m 2K2. In this regime, the diagonal terms As/am , Bs/am are
the same as in Eqs. (A.10), but the non-diagonal ones become
Csm = C
a
m =
(
1
4
− 3 +m
8K2
)
+O(K−3,m2K−4). (A.13)
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The diagonalisation of the reduced density matrix (A.4) finally yields
SA = ln 2 +
m
4K2
(
1− ln m
4K2
)
+O (K−3,m2K−4,K−m) , (A.14)
that in terms of 2m = `m − 1 is Eq. (36) in the main text.
Appendix A.3 Rank of reduced density matrices.
Here we show Eq. (42) of the main text. All the matrices ρˆ[n]i in Eq. (32) can be
written in a compact form as
ρˆ
[n]
i =
3∑
j,k=0
γijkPˆj ⊗ ρˆ[n]k , (A.15)
where
Pˆ0 =
(
1 0
0 0
)
, Pˆ1 =
(
0 0
0 1
)
, Pˆ2 =
(
0 1
0 0
)
, Pˆ3 = Pˆ
T
2 , (A.16)
while the real coefficients of the tensor γijk can be obtained from Eq. (32). For fixed
i, j there is only one kij such that γijkij 6= 0 (e.g. γ00k = a2 δk0). The coefficients γijkij
satisfy the following property
γi0,k0i γ
i
1,k1i − γi2,k2i γi3,k3i = 0 ∀i . (A.17)
Eq. (A.15) is written in the basis of the spin blocks at level n, see Fig. 2 (e.g. ρˆ[n=0]i
is written in terms of the physical spins). For generic n, ρˆ[n]i is a matrix of size
2n+1 × 2n+1. By construction, up to a change of basis, the matrices ρ[n]i are either
diagonal or anti-diagonal
ρ
[n]
0,1 =
(
A
[n]
0,1 0
0 B
[n]
0,1
)
, ρ
[n]
2 =
(
0 C
[n]
2
D
[n]
2 0
)
and ρ[n]3 =
(
ρ
[n]
2
)T
. (A.18)
In order to prove Eq. (42), we show that ∀n it holds
A
[n]
0 B
[n]
1 = C
[n]
2 D
[n]
3 and A
[n]
1 B
[n]
0 =
(
D
[n]
2
)2
, (A.19a)
Rank
[
A
[n]
0,1
]
= Rank
[
B
[n]
0,1
]
= Rank
[
C
[n]
2
]
= Rank
[
D
[n]
2
]
= 1 , Rank
[
ρ
[n]
i
]
= 2 .
(A.19b)
Proof. We will prove by induction. The step n = 0 is obvious. Let us first see what
happens for n = 1 in order to start the induction. We construct the matrices ρˆ[1]i with
γijk given by Eq. (32). Let us consider
ρ
[1]
0 =

γ00,k00A
[0]
0 0 0 γ
0
2,k02
C
[0]
2
0 γ00,k00B
[0]
0 γ
0
2,k02
D
[0]
2 0
0 γ03,k30C
[0]
3 γ
0
1,k01
A
[0]
1 0
γ03,k30D
[0]
3 0 0 γ
0
1,k01
B
[0]
1
 (A.20)
Entanglement entropy of the long-range Dyson hierarchical model 24
and analogously for the other ρ[1]i . After a change of basis, this defines the recurrence
for the matrices A,B,C,D as
A
[1]
0 =
(
γ00,k00A
[0]
0 γ
0
2,k02
C
[0]
2
γ03,k03D
[0]
3 γ
0
1,k01
B
[0]
1
)
B
[1]
0 =
(
γ01,k01A
[0]
1 γ
0
3,k03
C
[0]
3
γ02,k02D
[0]
2 γ
0
0,k00
B
[0]
0
)
(A.21)
A
[1]
1 =
(
γ10,k10A
[0]
1 γ
1
2,k12
C
[0]
3
γ13,k13D
[0]
2 γ
1
1,k11
B
[0]
0
)
B
[1]
1 =
(
γ10,k11A
[0]
0 γ
1
3,k13
C
[0]
2
γ12,k12D
[0]
3 γ
1
0,k10
B
[0]
1
)
C
[1]
2 =
(
γ20,k20A
[0]
0 γ
2
2,k23
C
[0]
2
γ23,k23D
[0]
3 γ
2
1,k21
B
[0]
1
)
D
[1]
2 =
(
γ21,k21A
[0]
1 γ
2
3,k23
C
[0]
3
γ22,k22D
[0]
2 γ
2
0,k20
B
[0]
0
)
These matrices have rank one if the determinant is zero (since they are not zero, the
rank is not null). For the matrix A[1]0 we have
detA
[1]
0 = γ
0
1,k01γ
0
1,k01A
[0]
1 B
[0]
1 − γ02,k02γ03,k03C [0]2 D[0]3 =
= A
[0]
1 B
[0]
1
(
γ01,k01γ
0
1,k01 − γ02,k02γ03,k03
)
= 0 . (A.22)
Because of Eqs. (30-A.16-A.17), the same is true for all the matrices.
Let us now assume Eq. (A.19) to be true at n− 1 and show that the same holds
at level n. Eq. (A.21) holds at every step after a permutation of the basis elements.
We now want to prove that they have rank one. Let us re-write the block matrices
A
[n]
0 setting γ
0
0,k00
/γ02,k02 = γ
0
3,k03
/γ01,k01 = w0. Up to a multiplication of the first and
the second rows by a coefficient, we have
A
[n]
0 =
(
w0A
[n−1]
0 C
[n−1]
2
w0D
[n−1]
3 B
[n−1]
1
)
→
(
w0A
[n−1]
0 B
[n−1]
1 B
[n−1]
1 C
[n−1]
2
w0C
[n−1]
2 D
[n−1]
3 C
[n−1]
2 B
[n−1]
1
)
, (A.23)
where we multiplied the first row by the block matrix B[n−1]1 on the right and
of the second row by the block matrix C [n−1]2 on the left. Since we assumed
A
[m]
0 B
[m]
1 = C
[m]
2 D
[m]
3 to hold at n − 1, this means that the second row is linearly
dependent on the first, hence the rank is the one of the first rows Rank[A[n]0 ] =
Rank[
(
w0A
[n−1]
0 , B
[n−1]
1
)
] = min
(
Rank[A[n−1]0 ],Rank[B
[n−1]
1
)
= 1. It is immediate
to verify that A[n]0 B
[n]
1 = C
[n]
2 D
[n]
3 .
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